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The local converse theorem 
for S0(2n+1) and applications 

By DiHUA Jiang and David Soudry* 
Abstract 

In this paper we characterize irreducible generic representations of 
S02n+i(^) (where fe is a p-adic field) by means of twisted local gamma factors 
(the Local Converse Theorem). As applications, we prove that two irreducible 
generic cuspidal automorphic representations of S02n+i(A) (where A is the 
ring of adeles of a number field) are equivalent if their local components are 
equivalent at almost all local places (the Rigidity Theorem); and prove the 
Local Langlands Reciprocity Conjecture for generic supercuspidal representa- 
tions of S02n+l(^)- 

1. Introduction 

In the theory of admissible representations of p-adic reductive groups, one 
of the basic problems is to characterize an irreducible admissible representation 
up to isomorphism. Keeping in mind the link of the theory of admissible 
representations of p-adic reductive groups to the modern theory of automorphic 
forms, we consider in this paper the characterization of irreducible admissible 
representations by the local gamma factors and their twisted versions. Such 
a characterization is traditionally called the Local Converse Theorem, and is 
the local analogue of the (global) Converse Theorem for GL(n). We refer to 
[CP-SI] and [CP-S2] for detailed explanation of converse theorems. 

The local converse theorem for the general linear group, GL(n), was first 
formulated by I. Piatetski-Shapiro in his unpublished Maryland notes (1976) 
with his idea of deducing the local converse theorem from his (global) converse 
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theorem. It was first proved by G. Henniart in [Hn2] using a local approach. 
The local converse theorem is a basic ingredient in the recent proof of the 
local Langlands conjecture for GL(n) by M. Harris and R. Taylor [HT] and by 
G. Henniart [Hn3]. 

The formulation of the local converse theorem in this case is as follows. 
Let r and r' be irreducible admissible generic representations of GL„(fe), where 
A; is a p-adic field (non-archimedean local field of characteristics zero). Follow- 
ing [JP-SS], one defines the twisted local gamma factors 7(r x g,s,ip) and 
7(r' X g,s,ijj), where g is an irreducible admissible generic representation of 
GL/(fc) and ^ is a given nontrivial additive character of k. 

Theorem 1.1 (Henniart, [Hn2]). Let t and t' be irreducible admissi- 
ble generic representations of GL„(fc) with the same central character. If the 
twisted local gamma factors are the same, i. e. 

7(r X g,s,ijj) = j{t' x £>,s,^) 

for all irreducible supercuspidal representations g of GL;(/c) with I = 1,2, ■ ■ ■ , 
n — 1, then the representation r is isomorphic to the representation t' . 

This theorem has been refined by J. Chen in [Ch] (unpublished) so that 
the twisting condition on I reduces from n — 1 to n — 2 (using a local approach) 

and by J. Cogdell and I. Piatetski-Shapiro in [CP-SI] (using a global approach 
and assuming both r and t' arc supercuspidal). It is expected (as a conjecture 
of H. Jacquet, §8 in [CP-SI]) that the twisting condition on I should be reduced 
from 77, — 1 to [^]. We note also that the local converse theorem for generic 
representations of U(2, 1) and for GSp(4) was established by E. M. Baruch in 
[Bl] and [B2]. 

The objective of this paper is to prove the local converse theorem for 
irreducible admissible generic representations of S02n+i(A:). 

Theorem 1.2 (The Local Converse Theorem). Let a and a' be irreducible 
admissible generic representations ofS02n+i{k)- If the twisted local gamma 
factors 7(0" X g,s,ip) and 7(0"' x g,s,'^) are the same, i.e. 

7(c7 X g, s, ijj) = 7(cr' X g, s, V') 

for all irreducible supercuspidal representations g of GLi{k) with I = 1,2, ■ ■ ■ , 
2n — 1, then the representations a and a' are isomorphic. 

Note that the twisted local gamma factors used here are the ones studied 
either by F. Shahidi in [Shi] and [Sh2] or by D. Soudry in [SI] and [S2]. 
It was proved by Soudry that the twisted local gamma factors defined by 
these two different methods are in fact the same. It is expected that the 
local converse theorem (Theorem 1.2) should be refined so that it is enough to 
twist the local gamma factors in Theorem 1.2 by the irreducible supercuspidal 
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representations q of GL;(A;) for / = 1, 2, • • • , n. This is compatible with the 
conjecture of Jacquet as mentioned above. In a forthcoming paper of the 
authors, we shall prove the finite field analogue of Jacquet's conjecture and 
provide strong evidence for the refined local converse theorem. 

The local converse theorem for S0(2n + 1) has many significant applica- 
tions to both the local and global theory of representations of S0(2n + 1). For 
the global theory, we can prove that the weak Langlands functorial lift from 
irreducible generic cuspidal automorphic representations of S0(2n-|- 1) to irre- 
ducible automorphic representations of GL(2n) is injective up to isomorphism 
(Theorem 5.2) (The weak Langlands functorial lift in this case was recently 
established in [CKP-SS].); that the image of the backward lift from irreducible 
generic self-dual automorphic representations of GL(2n) to S0(2n -|- 1) is ir- 
reducible, which was conjectured in [GRSl] (The details of this application 
will be given in [GRS5].); and that the Rigidity Theorem holds for irreducible 
generic cuspidal automorphic representations of S0(2n -|- 1) (Theorem 5.3). 

Two important applications of the local converse theorem to the theory of 
admissible representations of S02n+i(^) are included in this paper. The first 
one is the explicit local Langlands functorial lifting taking irreducible generic 
supercuspidal representations of S02n+i(^) to GL2n(fc) (Theorem 6.1). Since 
the Langlands dual group of S02n+i(^) is Sp2„(C), the Langlands functorial 
lift conjecture asserts that the natural embedding of Sp2„(C) into GL2n(C) 
yields a lift of irreducible admissible representations of S02n+i(^) to GL2n(fc). 
Let QCfn{k) ('ifl' denotes the image of the functorial lifting) be the set of all 
equivalence classes of irreducible admissible generic representations of GL2n{k) 
of the form 

r = ??i X 772 X ■ ■ ■ X 77t, 

where r]i are irreducible unitary supercuspidal self-dual representations of 
GL2n^ {k) with j = 1, 2, • • • , t and Z^j=i rii = n, such that 

(1) rii ^ rij if i ^ j, and 

(2) the local L-function L{r]j,A'^, s) has a pole at s = for j = 1, 2, • • • , i. 

We denote by SO^fn+iik) the set of all equivalence classes of irreducible generic 
supercuspidal representations of S02n+i(^)- We prove the local Langlands 
functorial conjecture for SO^fn+iik) in this paper. 

Theorem 1.3. There exists a unique bijective map 

£ : a 1-^ T = £{a) 

from SO^liik) to QCf^ik), which preserves the twisted local L-factors, 
e-f actors and gamma factors, i. e. 
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L{a X Q, s) 
e((T X g, s, tp) 



L{t X Q,s), 
e(T X £>,s,V') 



and 



for all irreducible supercuspidal representations g of GLi{k) with I being any 
positive integer. 

The second application is the local Langlands reciprocity conjecture for 
irreducible generic supercuspidal representations of S02n+i(^) (Theorem 6.4). 
Let Wk be the Weil group associated to the local field k. We take 



as the Weil-Deligne group ([M] and [Kn]). Let ^2n(^) be the set of conjugacy 
classes of admissible homomorphisms p from Wk x SL2(C) to Sp2„(C). If we 
write 



then the admissibility of p means that 's are continuous complex representa- 
tions of Wk with p^{Wk) semi-simple and A°'s are algebraic complex represen- 
tations of SL2(C). The local Langlands reciprocity conjecture for S02n+i{k) 
asserts that for each local Langlands parameter p in G2n{k), there is a finite 
set n(p) (called the local L-packet associated to p) of equivalence classes of ir- 
reducible admissible representations of S02n+i(^), such that the union Upn(p) 
gives a partition of the set of equivalence classes of irreducible admissible repre- 
sentations of S02n+i (k) and the reciprocity map taking p to n(p) is compatible 
with various local factors attached to p and n(p), respectively. 

Let ^2n(^) b^ the set of conjugacy classes of all 2n-dimensional, admissible, 
completely reducible, multiplicity-free, symplectic complex representations p° 
of the Weil group Wk- Then we prove the following theorem. 

Theorem L4 (Local Langlands Reciprocity Law (Theorem 6.4)). There 
exists a unique bijection 



for all irreducible continuous representations Pi ofWk of dimension I. Here r 
is the reciprocity map to GL;(A;), obtained by [HT], [Hn3] (see Theorem 6.2). 



Wk x SL2(C) 



P = ®ip\ ® \t 



^2n ■ P2n^^2niP2n) 
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Note that by Theorem 1.2, each local L-packet n(/3) has at most one 
generic member. Theorem 1.4 establishes the Langlands conjecture in this 
case up to the explicit construction of the relevant L-packcts, which is a very 
interesting and difficult problem. We shall consider the local Langlands con- 
jectures for general generic representations of S02n+i(^) and other related 
problems in a forthcoming work ([JngS]). 

Our proof of the local converse theorem goes as follows. Based on the 
basic properties of twisted local gamma factors established by D. Soudry in 
[SI] and [S2] and by F. Shahidi [Shi] and [Sh2], we study the existence of poles 
of twisted local gamma factors and related properties. This leads us to reduce 
the proof of Theorem 1.2 to the case where both a and a' are supercuspidal 
(Theorem 5.1). To prove the local converse theorem for the case of supercus- 
pidal representations (Theorem 4.1), we must combine the local method with 
the global method. More precisely, we first develop the explicit local Howe 
duality for irreducible generic supercuspidal representations of S02n+i {k) and 
Sp2„(A;), the metaplcctic (double) cover of Sp2„(fc) (Theorem 2.2). which is 
more or less the local version of the global results of M. Furusawa [F]. Then, 
using the global weak Langlands functorial lifting from S0(2n -|- 1) to GL(2n) 
[CKP-SS] and the local backward lifting from GL2n(A;) to Sp2„(/c) [GRS2] and 
[GRS6], we can basically relate our local converse theorem for S0(2n -|- 1) to 
that for GL(2n). See the proof of Theorem 4.1 for details. The point here is to 
use preservation properties of twisted local gamma factors under various lift- 
ings (Propositions 3.3 and 3.4). It is worthwhile to mention here that the ideas 
and the methods used in this paper are applicable to other classical groups. 

This paper is organized as follows. In Section 2, we work out some explicit 
properties of local Howe duality for irreducible generic supercuspidal represen- 
tations of S02n+i(^) and Sp2„(A:). The preservation property of (the pole at 
s = 1 of) twisted local gamma factors under various liftings will be discussed 
in Section 3. In Section 4, we prove the local converse theorem for supercus- 
pidal representations and in Section 5, we prove the theorem in the general 
case. The global applications mentioned above will be discussed at the end of 
Section 5. We determine in Section 6 the explicit structure of the image of the 
local Langlands functorial lifting from irreducible generic supercuspidal repre- 
sentations of S02n-i-i(^) to GL-2n{k) and prove the local Langlands reciprocity 
law for irreducible generic supercuspidal representations of S02n+i(^)- 

Since S0(3) = PGL(2), the main theorems in this paper are known in 
the case of tt, = 1. Note that the theories of twisted local gamma factors 
for S0(3) X GL(r) via [Sl,2], or via Shahidi's method, or via [JP-SS], for 
PGL(2) X GL(r) are all the same. The reason for this is the multiplicativ- 
ity property of gamma factors (which is known in all cases above). This re- 
duces comparison of gamma factors to supercuspidal representations. Such 
representations can be embedded as components at one place of (irreducible) 
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automorphic cuspidal representations, unramified at all remaining finite places. 
Since gamma factors are "globally 1" (this is a restatement of the functional 
equation for the global L function), we get the identity of the gamma factors 
for supercuspidal representations. From now on we assume that n > 2 (this 
will be helpful for one technical reason concerning the theta lifting). 

Our project on this topic was started when we attended the conference on 
Automorphic Forms and Representations at Oberwolfach (March 2000) orga- 
nized by Professors S. Kudla and J. Schwermer. The main results of this paper 
were obtained when wc participated at the Automorphic Forms Semester at In- 
stitut Henri Poincare (Paris, Spring 2000) organized by Professors H. Carayol, 
M. Harris, J. Tilouine, and M.-F. Vigneras. This paper was finished when 
the first named author was a member of the Institute for Advanced Study 
(Princeton, Fall 2000). We would like to thank all the organizers of the above 
two research activities and the Institutes for providing a stimulating research 
environment. We would like to thank D. Ginzburg and S. Rallis for their en- 
couragement during our work on this project. Our discussion with G. Henniart 
was very important for the proof of Theorem 6.4. We arc grateful to him for 
providing us the proof of Theorem 6.3 [Hnl]. Wc thank the referee for his 
careful reading, and for his valuable comments, questions and suggestions. 



2. Howe duality for S0(2n + 1) and Sp(2n) 

In this section, we prove certain properties of the local Howe duality be- 
tween S02n+i(fc) and Sp2„(A;), applied to irreducible, generic, supercuspidal 
representations, and then we discuss relevant aspects of the global theta corre- 
spondence for irreducible, automorphic, cuspidal representations of S02n+i(A) 
and Sp2„(A). Here Sp2„ denotes the metaplectic (double) cover of Sp2„ over 
both the local field k and the ring of adeles A ([Mt]). 

2.1. Local Howe duality. Let A; be a non-archimedean local field of char- 
acteristic zero. Let be a {2n + l)-dimcnsional vector space over k, equipped 
with a nondegenerate symmetric form (•, •)y of Witt index n. Let 14^ be a 
2m-dimensional vector space over k, equipped with a nondegenerate symplec- 
tic form (•, ■)w- We fix a basis 

{ei, . . . , 6jj, e, C—nt • • • ) 

of V over k, such that {ei,ej)v = (e_j,e_j)y = 0, (ei,e_j)y = Sij, for i,j = 
1, . . . , n, and we may assume that (e, e)v = 1- Thus 



y+ = Spanfe{ei,...,e„}, V = Spanfe{e_i, . . . , e_„} 
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are dual maximal totally isotropic subspaces of V, and we get a polarization 

of y, 

V = V-^ + ke + V~ . 

Similarly, we fix a basis 

{/l) • • • ) frm f—rrn • • • ) /— l} 

of W over k, such that {fi,fj)w = {f-i,f-j)w = and {fi,f-j)w = Sij, for 
i,j = l,...,m. Thus, 

W+ = Span^ifi, . . . , fm} , W- = Spaiikif-i, . . . J-m} 
are dual maximal isotropic subspaces of W, and we get the polarization 

w = w+ + w- . 

Consider the tensor product V^WofV and W. It is a symplectic space 
of dimension 2m(2n + 1), equipped with the symplectic form (, )y (g) {,)w- 
With the chosen bases, wc may identify V with fc^""'"^ (column vectors) and 
W with k2rn (row vectors). Then we have 02n+i(fc) — 0(y), acting from 
the left on V, and Sp2m{k) — Sp(VF), acting from the right on W. We let 
Sp{V^W) ^ Sp2mi2n+i){k) ^ct from the right on V^W. Then 0(F) x Sp(W^) 
is naturally embedded in Sp(F (2> W) by means of the following action 

{v w){g, h) = ■ v 0w ■ h. 

Let V be a nontrivial character of k. The Weil representation co^ of 
the metaplectic group Sp2^(2n+i) (^) be realized in the space of Bruhat- 
Schwartz functions S{V^), where = V x ■ ■ ■ x V {m copies). We re- 
strict uj^ to the image of the natural embedding of 02n+i(^) X ^P2mi^) inside 
SP2m(2n+i) (^)) Order to study the local Howe duality between representa- 
tions of 02n+i(fc) and Sp2m(^)- 

In the following we identify 

(2.1) V"'^V^W+ = V^fi®---®V^fm. 

We restrict to^ to the image of the embedding of 02n+i(A;) x Sp2^(A;) inside 
SP2m(2n+i)(^)- Here are some formulae. Let (p G S{V"^). Then 

for g G 02n+i{k) and {vi,. . . , Vm) £ V"^. Next, let Pm = MmNm be the inverse 
image in Sp2^(A;) of the Siegel parabolic subgroup Pm of Sp2^(A;). Thus, 

Mm = I {rh{a),e) : m(a) = ( " ° I G Sp2„(fc),a G GLm{k),e = ±1 \ 
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which is a semi-direct product of GLmik) and {±1}. Note that is the 
direct product of and {±1}, since the double cover splits over unipotent 
subgroups. (See [Mt].) Here 

Nrr, = ln{X)=( f )GSp2„(fc)| . 



m 



We will identify Nm with Nm x {1}. 

From the definition of the Weil (or Oscillator) representation a;^, we have 
that for (m(a),£) G M^, 
(2.2) 

w^(l, {m{a),e))Lp{vi,. . . , v^) = x,/.((deta)"')| deta| 2 Lp{{vi, . . .,Vm)a) 

where Xtp is the character of the two-fold cover of k associated to ip (through 
the Weil factor); and for n{X) G Nm, 

(2.3) ^ 

LO^{l,n{X))(p{vi, . . .,Vm) = tp Qtr[Gr(vi, . . .,Vm)Xwm]j v{vi, . . .,Vm) 

where tr(-) is the usual trace of a matrix, Wm is the m x m matrix, whose 
entries are all zero except these along the second diagonal, which are all one, 
and finally 

(2.4) GT{vi,...,Vm) = iiVi,Vj)v] 

\ J mxm 

is the Gram matrix. (Sec (2.9) in [GRS4] for more formulas.) 

Let (J be an irreducible admissible representation of 0271+1(^)5 acting on 
a space V^. Consider, as in p. 47 of [MVW], 

S{a) := P|ker(Q;) , 
a 

where a runs over all elements of Homo2„_,_i(t,) (-5, V^), S = Siy^). Define 

(2.5) S[u] := S/S{a) 

It is clear that S[a] affords a representation of 02n+i{k) x Sp2^(/c). According 
to page 47 of [MVW], S[a] has the form 

a ® e;'"^(a) 

where 0^'™'((t) is a smooth representation of Sp2j„(fc). Assume that 

Then the Howe duality conjecture states that ©^''"(o") has a unique sub- 
representation 0^'™(a")'^, such that the quotient representation 

(2.6) e;'^{a) := Q^'^ (a) / Q^'^ {af 
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is irreducible. The map taking a to O^'^'^a) is called the local ip-Howe lift from 

02n+i(^) to Sp2m{k)- Similarly, in the reverse direction, given an irreducible, 
admissible representation tt of Sp2^(A;), such that Hom~ , , (5, V^) ^ 0, we 

have the spaces S'(7r), S[Tr], 0^,j(7r), such that 

'5M = Gt,„(vr)®7r 

over 02n+i{k) x Sp2„(A;). The Howe duality conjecture states that Of^^ni'^) 
has a unique sub-representation G5^ „(vr)'^, such that the quotient 

is irreducible. We will say in such a case that ^^,n('^) the local '0-Howe lift 

of vr to 02„+i(A;). 

In general, if a and vr are irreducible admissible representations of 02n+i (k) 
and Sp2mik) respectively such that 

^°™O.„+.(fc)xS~p,„(fc)(^V'>^®^)/0, 

then we say that vr is a local V-Howe lift of a, and cr is a local V-Howe lift 
of TT (without assuming the existence of the local Howe duality conjecture). 
The local Howe duality conjecture was proved by Waldspurger [W], when the 
residual characteristic of k is odd. In particular, in such a case, if vr is a -i/'-local 
Howe lift of a (notations as above) then vr = O^'^^a) and a = Of^^ j^^ir). The 
following theorem of Kudla, concerning local Howe duality for supercuspidal 
representations is free from the restriction on the residual characteristic. 

Theorem 2.1 ([Kl, Th. 2.1] or [MVW, §VI.4, Chap. 3])^ Let a and vr 
be irreducible, supercuspidal representations of 02n+i{k) and Sp2^(/c) respec- 
tively. 

(1) There is a positive integer mo = mo{a), such that for any inte- 
ger 1 < m < niQ, Homo2„_,_i(fc)('S', Fct) = 0, and for any integer m > tuq, 
(Homo2„^i(fc)('S', Kj) 7^ 0, and hence) @^'"^{a) ^ 0. Moreover, if m = mo then 
G^'™(cj) is irreducible and supercuspidal. In particular. 

If m > uiQ, then Q^'™'{a) is of finite length and is not supercuspidal. 
Similar results hold for tt {denote no = no(7r)). 

(2) We have, 

and 

{We use the Weil representation as in Remark 2.3 of [Kl].) 
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Remark 2.1. Since 02n+i(fe) = {^hn+i} x S02n+i{k), every irreducible 
representation of 02n+i {k) remains irreducible upon restriction to S02n+i (k) ■ 
Conversely, let /3 = —l2n+i- Then for every irreducible representation a of 
S02n+i(^)) f = so that a extends to an irreducible representation of 
02n+i{k)- It extends in two ways, and a", to 02n+i(^)5 where cr+(/3) = idy^ 
and C7~{(3) = —idy^- Clearly, 

S02n+lWxSp2^{fc)^ V' ^ ' 

02„+l(fe)xSp2^(fe)'^ ^' 02„+l(fe)xSp2^(fc)'^ ^' ^ 

In cases where the Howe duality conjecture holds (e.g. when A; has odd 
residual characteristic) if 

H°"^so2„+iWxS~P2^w(^^' 
then exactly one of the spaces 

Hom_ 6" n\ i^ibi f ^ ® Tt) 

02„+i(fe)xSp2^(A;)'^ > 

is nonzero. 

Let a and vr be irreducible admissible representations of S02n+i(fe) and 
Sp2^(fc) respectively. Assume that 

H°"^so2„+iWxS~P2^w(^^' ^ ® ^) ^ 0. 

Then we say that u is a local V-'-Howe lift of vr, and that vr is a local ^-Howc lift of 
a. There shouldn't be confusion with the similar notion for 02n+i (^) x Sp2m ( A") . 
(The groups are different.) Again, if the last condition holds and the Howe 
duality conjecture is valid, then the local ^-Howe lift of tt to 02n+i(fc) is one 
of the representations denote it by cr^, and then the local -^-Howe lift of 
to Sp2m(A;) is vr. In general, if vr is a local ^-Howe lift of o", then wc can 
assert that at least one of the representations cr^ is a local -(/'-Howe lift of tt. 

One of our main goals in this section is to show, for irreducible, generic, 
supercuspidal representations a, tt of S02n+i(^) and Sp2j„(A;) respectively, that 
no(7r) = m and for exactly one of the representations cr^, denote it by a^, 
mo(iT'^) = n. (In the first case tt has to have a Whittaker model compatible 
with V'O 

Let [/„ (resp. Um) be the standard maximal unipotent subgroup of 
S02n+i(^) (resp. Sp2m(A;)); here Um is the image of the embedding of the 
standard maximal unipotent subgroup of Sp2m(fc) inside Sp2^(fe). Let Z; be 
the standard maximal unipotent subgroup of GL;(fc). Then, since the covering 
of Sp2^(A;) splits over unipotent subgroups ([Mt]), 

Un = m{Zn) ■ Vn, Um = fh{Zm)Nm X 1 
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where 



m{Zn) 



m{z) 



e S02„+i(A;) -.zeZn 



m{Zj, 



m{z) 



Vn 



v{y,z) 



G SO 



2n+l 



(k) 



> . 



We will identify m{Zjn)Nm with Um- 

Let ^ be a nontrivial character of A;. Denote by i/ju the following nonde- 
generate character of C/„: 

(2.7) il)u{m{z)v{y, e)) := tp{zx2 H h Zn-i,n)ip{yn) ■= i>n{z)ipuiv{y, e)) 

where m{z)v{y, e) G m{Zn) • Vn = Un- For A G k* , denote by ij)^ ^ the nonde- 
generate character of Ura, which corresponds to if) and A: 
(2.8) 



ip~ ^{m{z)n{X)) := ^^(zu H h Zm-i,m 



A 



-X,. 



ml 



where m{z)n{X) G m{Zjn)Nfn = Um- 

An irreducible admissible representation a (resp. tt) of S02n+i(fc) (resp. 
SP2m(^)) called Vtz-generic (resp. ip~ ^-generic) if a (resp. tt) admits a 
nonzero ipjj (resp. ^) Whittaker functional, i.e. a nonzero element of 
lloinij^{a,ipu) (resp. Hom~ (Tr,ip~ )). Note that if a representation of 
S02„+i(A;) has a Whittaker model with respect to one nondegenerate character, 
then it has a Whittaker model with respect to any nondegenerate character, 
since the maximal split torus of S02n+i(fc) acts transitively on the set of all 
generic characters of C/„. This is not necessarily the case for representations of 

SP2m(^)- 

Proposition 2.1. Let a be an irreducible generic representation of 
S02n+i(^)- Let 1 < m < n be an integer. Then a has no nonzero local tp-Howe 
lifts to Sp2mi^) {md thus, each of the representations has no nonzero local 
ip-Howe lifts to Sp2m(fc).) 

Proof. This is the local version of Proposition 2 in [F]. The proof is the 
appropriate analog of the proof in [F]. Let m<n, and assume that there is an 
irreducible admissible representation tt^ of Sp2^(A;), acting in a (nontrivial) 
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space V„^, which is a local V'-Howe lift of a. This means that there is a 
nontrivial S02n+i(^)-iiitertwining and Sp2^(A;)-equivariant map 

Here vr^ denotes the representation contragredient to tt^ (acting in y^v .) Let 
T]^^ be a (nontrivial) Vcz-Whittaker functional on Va- Consider 

which is a nontrivial bilinear form satisfying 

(2.9) b^^{ujf{u,h)(p,7r^{h)^) = 'ipu{u)b^^{(p,^) 

ioT u e Un, h e Sp2to(A;), (p € S{V'^), ^ G F^v . We will show that, for m < n, 
the space of bilinear forms, satisfying the equivariance property (2.9), is zero, 
and this will be a contradiction. To this end, we pass to a realization of in 
a mixed model 

where VF" x is the direct product of the spaces and W'^ (§11.7, Chapter 
2 in [MVW]). More precisely, 

[V+^W + e^ W-] + [V~ + W+] 

is a polarization oi V <^W (with respect to the symplectic form (, )y iX) (, )w)- 
We may realize in S[V- +e^W+] ^ xW+) ^ S{W'')^slw+). 

We identify 

(yi, ■ ■ ■ , Vn) ' — > e_„ (g) yi H h e_i (2> y„ , yi^W 

y'^ < — > e^y~^ , y"*" G . 

We keep denoting the Weil representation by (in the mixed model as well) . 
Let If G S{W"' X W'^), and consider an element v{0,z) in the center of Vn- 
We have, from the definition of the mixed model of the Weil representations 
(§IL7, Chapter 2 in [MVW]), 

(2.10) (u^iviO, z), l)<^)(yi , . . . , y„; y+) 

= Qtr(Gr(yi, . . . , yn)wnz)^ (piyi, ...,yn\ y^) 

where Gr(yi, . . . , i/„) = {{yi,yj)w)nxn- Let Vn{0,Z) = {v{0,z) G K C 
S02n+i(fc)}- Denote by Jvn{o,z) the Jacquet functor along 1/^(0, Z) (with 
respect to the trivial character. We view 6^;^ first as a bilinear form on 
Jv„{o,z){S{W- X W+)) X , satisfying (2.9). Let 

Co = {{yi,...,yn;y^)eW''xW+\{yi,yj)w = 0,yi,j<n} 
C = W+\Co. 
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It is clear that Cq is closed in x W~^, and as the complement of Co, C is 
open in W"' x W^. We claim that 

(2.11) Jv„io,z){^{W^ X W+)) - 5(Co). 

Indeed, by [BZ], we have an exact sequence 

^ 5(C) X W+) S{Cq) 0, 

where r is the restriction to Cq, and i is the embedding which takes a function 
supported in C, and extends it by zero to the whole of x . Using the 
exactness of Jacquet functors, we get 

^ Jy„(o,z)(5(C)) ^ Jv„(o,z)(5(W^" X W+)) ^ J,.„(o,z)(5(Co)) ^ 0. 

From (2.10), it follows that Jv„{q,z){S{C)) = 0. Note that for (yi, . . .,yn;y^) 
G C, the character 



v{0, z) ^tp Qtr(Gr(yi, . . . , yn)wnz)^ 



is nontrivial, and hence, for tp G <5(C), there is a large enough compact sub- 
group Clip of Vn{0, Z), such that 

{ijj^{l,v{0,z))ip){yi,. . .,yn;y^)dz 

7 

= I V'(^ti'(Gr(?/i,...,?/„)u;„z))(^(?/i,...,y„;y+)dz 
= 

(by (2.10)). We conclude that 

Jvr.(fi,z){S{W^ X W+)) - Jv„(o,z)(5(Co)) = 5(Co) . 

With 5(Co) as a ?7„ X Sp2j„(A;)-module, we now view b^^j as a bilinear form on 
'4i(z„),v>„(<5(Co)) X FttV , satisfying (2.9), where Jm{Zr,),^n denotes the Jacquet 

functor along m{Zn), with respect to the nondegenerate character ^„ = ipu 

m(Zn) 

Note that from the definition of the Weil representations on the mixed model 
(§11.7, Chapter 2 in [MVW]), the action of 

/ z \ 

m{z) = 1 G m{Zn) , 

V J 

induced by uj^, in S{Co) is given by 

(2.12) uj^{m{z), l)(p{yi, yn\y'^) = v{{yi, ■ ■ ■,yn)wnzwn; y'^) 
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where we still use uo^ to denote action on 5 (Co). Consider the orbits of the 
action of WnZnWn on {(yi, . . . , yn) € W"- \ Gr(yi, ...,?/„) = 0}. They have the 
form 

(2.13) (0 • • • OxiO ■ ■ ■ OX2O ■ ■ ■ Oxj^iO ■ ■ ■ OxjO ■ ■ ■ 0)u;„^„i(;„ 

where {xi, . . . ,Xj} are linearly independent, span a totally isotropic subspace 
of W, and the spaces of zeros in (2.13) are of given sizes. Let us write Cq = 
[Jo<jCo{j), where 

Co(i) = {{yi, ■■■,yn; y^) e Co | dim Span{yi, ...,yn}< j}- 

Note that Co{j) = Co, if j > n. We let Co(— 1) be the empty set. 
By [BZ], we have the exact sequences 

(2.14) 

0^ J„^(z„),v-„('5(Co\Co(i))) ^ Jmiz„),i,SS{Co\Co{3~m 

^ ^m(z„),Vn('5(Co(j)\C^o(j - 1))) ^ 
for J = 0, 1, . . . , n. We define the following subsets 

(2.15) ^-^e = U [(0 • ■ ■ Oa;iO • • • 0x20 • • • Oxj_iO • • • 0x^0 • • • 0)u;„Z„u;„] x , 

where the union is taken over all the representative sets (as in (2.13)) 
{xi, . . . , which span a j-dimcnsional, totally isotropic subspace of W; 
e stands for an injective map from the index set {1, . . . , j} of yi, . . . , yj into 
the whole index set {1, . . . , n}. Then we have 

(2.16) Co(j)\Co(j-l) = U^^.> 

e 

It is clear that in (2.16), there are (") different terms. We order them as: 
ei, 62, . . . , e^n^. Since the orbits ^j^a have the same dimension, they are both 

open and closed in {jl^i ^j,ei , and hence, we have 
(2.17) 

Let us now show that, for j < n, and any A;, 

(2-18) Hom^(^^)^3~^^(,) [j^iz„U. (5(%,ej) F.v , c) = 

where m{Zn) acts on C according to ■i/'n- For this, write S{Q,j^e^) = 5(i7j g^) 
5(1^+), where J7^ g^ is the first factor of ^j^e^ in (2.15). Denote by uj[p the 
standard Weil representation of Sp2^(A;) in S{W'^). Let 0i G <S(^ g^), and 
(1)2 G S{W'^). Then the action of m{Zn) x Sp2^(A;), induced by uj^, on 
5(^_gJ ® S{W+) is given by 

cof{m{z), h){^x®4>2){yu ■ ■ ■ ,yn\ y^) = 4>i{{y\h, • • • , yji)-wnzwn){i^'^{h)4)2){y'^) 
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where h is the projection of /i G Sp2^(fc) to Sp2m(A:). Let Rj^eu be the stabi- 
Hzer, in [m(Z„) x S^2^] (A;), of (0 • ■ ■ 0/_,0 • ■ ■ 0/_(,_i)0 • ■ ■ OAsO ■ ■ ■ 0/_iO ■ ■ ■ 0), 
where the ordering is given by e^, and the action is given by 

(yi, • • • , yn) • {m{z),h) = {yih, yji) ■ WnZWn ■ 

Then by Witt's theorem, it follows that f2^- g^ is an [m{Zn) x Sp2m] (^)-orbit 
and hence >S(r2^ g^) is isomorphic to the compactly induced representation 

c-Ind;^(^"^^^~P^"'(l) 

as a representation of m{Zn) x Sp2^(A;). Thus, the left-hand side of (2.18) is 
isomorphic to 

which is, by Probenius reciprocity, isomorphic to 

(2.19) ^omn^ ^^ (V^-i ®u;'^® l) . 

The space (2.19) is zero for j < n, since then Rj,ek contains a subgroup of 
the form L x 1, where L C m{Zn) contains a simple root subgroup, and hence 
tljnli + 1. This proves (2.18). It follows, from (2.9), (2.11), (2.14)-(2.18), that 
the space of h^^ in (2.9) is isomorphic to 

(2.20) Hom^^^3~^^(^^(j^,^,(5(J^0)®F.v,c) . 

This space is zero if m < n, since then VL^ is clearly empty. This completes 
the proof of Proposition 2.1. □ 

Let us continue the line of argument of the proof for Proposition 2.1 in 
case m = n. Now re-denote tt = tTu- Let T be an element of the space (2.20), 
which we view now as 

where Un acts on C according to tpu- Thus, we may think of T as a trilinear 
form T{(f)i,(f)2,C)- Pixing 02 G S{W^) and ^ G V^v, we obtain a map 

which is a smooth distribution on the m{Zn) x Sp2„(A;) orbit Q.'^, and hence 

can be written uniquely in the form 

(2.21) 

T{(f)i,(f)2,0 = / 4'iiif-nh,...,f-ih)wnZWn)^<i>2,dz,h)d{z,h) 

jR\Z„xSp2„ik) 

where d{z,h) is a right Zn x Sp2„(/c)-invariant measure on R\Zn x Sp2„(A:), 
and ^*02,^ is ^ (right) smooth function on Z„ x Sp2„(A;) and is left i?-invariant. 
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Here R is the stabilizer {Rn) in Zn x Sp2„(fe) of (/-n, • • • , /-i) under the action 
(on n'^) 

(Xl, . . . , Xn) ■ {z, h) = {Xlh, . . . , Xnh)WnZWn- 

Using the equivariance properties (with respect to m{Zn) x Sp2„(A;)) we find 
that 

(2.22) $^„^(z,^) =^-^(^)$^, (^^^^^^,(^^^(1,1) 
where /i is a pre-image in Sp2„(A;) of h. Note again that 

(pl{f-n • ^, •••,/-! • h)WnZWn)uj'^(h)(l)2{y^) 

= u^{m{z),h){(l)i (g) ^2)(/-n, • • • , /-i; y"^)- 
Thus, the integrand of (2.21) is (using (2.22)) 

(^)^[0i(/_„.h,...,/_i.ft)«,„2«,„)a;;,(h)02],7rV (1)^(1' 

The function in square brackets in the first index of $ is (by the last equality) 

y+ u^{m{z),h){(l)i (g) ^2)(/-n, •••,/-!; y"^)- 
Substituting in (2.21), we get 

(2.23) T(0i,</,2,O 

We have not yet used the property 

(2.24) T{uj^{l,Vn{t,x)){(j)i^(t>2),0=i'{tn)T{(l)l,<j)2,0- 

It follows from the definition of the mixed model of the Weil representations 

(§11.7, Chapter 2 in [MVW]) that 

(2.25) 



u^{l,v{t,x))ip{f-n, . . . , f-i;y^) = ip \ Y^^ti{y+ , f-i)w j ip{f-n,---,f-i;y^) ■ 
Using (2.22)-(2.25), we conclude that 

for all z & Zn, h & Sp2j„(/c), and in particular, for z = 1, 
(2-26) %ij:t,uM.,MM*ui^^ 1) = V'(*n)$,.,(l, 1) 

Regarding, for fixed ^, 02 i-^ ^(^^^^{l, 1) as a distribution on (2.26) implies 
that it is supported at y^ = fn- Thus 

(2.27) $<^,^(l,l) = W(0<^2(/n) 
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for some ^ This implies that the trilinear functional T^cpi, 4>2,0 

fact given by the following integral 

(2.28) 

cu^{m{z),h)ict>i ® 4>2)if-n, ■ ■ ■ , /-i; fn)^-\z)W{7r''{h)0diz, k) 



I R\ZnxSp2„{k) 

where h is any pre-image (in Sp2„(fc)) of h. Finally, note that 



Z* )) e^nXSp2jfc)|. 

Using the left i?-invariance of $02,c(^' ^)) (2-22) and (2.27) we find that 

i.e., is a (necessarily nontrivial, if T is nontrivial) ijj^ ^-Whittaker functional 
on V^v. Put 

W^r{0(h) = W{7r^(h)0. 

This is the corresponding ip- _^-Whittaker function. Now we can rewrite (2.28), 
for (p = (f)i <Si (f)2, as 



(2.29) / „ „ u;^il,hMf.n,---J-i;fn)W^.^-\0{h)dh. 



Here /X2 = is the kernel of the projection Sp2„(fe) Sp2„(A;). Note that 

this is the local version of [F, formula (12)]. Note that the integral (2.29) con- 
verges absolutely. Indeed the integrand has compact support. To see this, we 
may assume that (p = 4>i®4>2, as before, and due to the Iwasawa decomposition, 

it is enough to note that (j)\{fn ■ za' , . . . , /i • za')W^y'^ {^){a' , 1), has compact 
support, where z G m{Zn){k), a = diag(ai, . . . , a„), and a' = diag(a,a*). 
Recall that a Whittaker function, restricted to the diagonal subgroup is "van- 

ishing at infinity", meaning that if maxi<j<„{|aj|} is large, then W^v'^iOW^ 1) 
vanishes. Clearly (/>i(/„ • za', . . . , /i • za') vanishes if maxi<j<„{|aj|^"'^} is large. 
We conclude that a' has to lie in a compact set of the diagonal subgroup, and 
hence also z has to lie in a compact set of m{Zn){k). 

Let us summarize what we have shown in case m = n. 

Corollary 2.1. (1) Let a he an irreducible generic representation of 
S02n+i(fc)- Assume that vr is an irreducible representation o/Sp2„(A;), which 
is a local ip-Howe lift of a. Then tt is tjj-^^-generic. Moreover, the functional 

viewed as a bilinear form on uj^<Snr^ , equals, up to scalars, to (2.29) {with 
a fixed ip- ^- Whittaker model omr^). The ipu- Whittaker model of a is spanned 
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by the functions 

(2.30) ( ^ U^{g,h)^{f^n,---J-l\fn)wl^'\i){h)dh. 

(2) Let IT be an irreducible, supercuspidal, ip-^^- generic representation of 

Sp2„(A;). Then vr has a nontrivial local ip-Howe lift to S02n+i(^)- Moreover, 
there is a nontrivial space t^{7r) of ^-Whittaker functions on S02n+i{k), in- 
variant to right translations, such that 

(2.31) HomgQ^^^^^^^g~^^(^^(c^^ TT^^v-W) / 
and t^{Tr) is spanned by the functions (2.30). 

Proof. We have already shown part (1). We now prove part (2). Since tt^ 

is '0^ ^-generic, we may define the integrals (2.30), which arc absolutely con- 
vergent (explained just before the statement of Cor. 2.1). It is easily seen that 
these integrals are not identically zero as ((/3,^) varies. Let t^{Tr) be the space 
of functions on S02n+i(^), spanned by the integrals (2.30). Note that these are 
?/'[/-Whittaker functions on S02n+i(A;), and that t^(7r) affords a smooth rep- 
resentation, by right translations, of S02n+i(fc)- By construction, we clearly 
have (2.31). We may, of course, substitute in (2.30) any g in 02n+i(^)- Denote 
by i^(vr) the space of functions on 02n+i(^) thus obtained; it affords, as before, 
a smooth representation by right translations of 02n+i(^)- We have 

This implies that 

In particular, B^„(7r) ^ 0. Since vr is supercuspidal, 6^„(7r) is of finite length 
as a representation of 02n+i(^) (Theorem 2.1) and hence has an irreducible 
quotient; call it a' . We have nontrivial maps 

— > ^[Tr] = e^_„(7r) (2) TT — ^ a' (g) TT 

and hence a' is a local V'-Howe lift of vr to 02n+i(fc)- Let a be the restriction 
of a' to S02n+i(^)- Then cr is a local i/j-Hawe lift of tt to S02n+i(fc)- □ 

To continue, we introduce the notion of a Bessel model of special type for 
representations of S02n+i(fc)- Bcsscl models for representations of orthogonal 
groups are discussed in general in [GP-SR]. 

Let Qn-i = Mn-iVn-i be the standard maximal parabolic subgroup of 
S02n+i(A;), with Levi subgroup isomorphic to GL„_i(A;) x S03(A;), and unipo- 
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tent radical 

Vn-l 



in-1 y Z 
v'{y,z)=\ h y' |eS02„+i(A:) 

In-l 



> . 



Let V3 = Spanj;.{en, e, e_n}. We choose, for A G fc*, a vector ex G V3, such that 
{ex,ex)v = A. If A is a square a^, we choose e^p. = ae. Define a character xx 
of Vn-i by 

Xx{v'{y, z)) = V ((y ■ ex, e_(„_i))y) 

where we view y as the hnear map which takes xie„ + X2e + x^e-n in to 
Sr=/(yii^i + yi2X2 + yi?,X3)ei. It follows that the connected component of the 
stabihzer of xa in ^n-i is the subgroup 



'S'm„_i(xa) 



P 



s{p, d) 



GS02n+i(A;) ■.pePn-i,deSOi{k),d-ex = ex) , 



where Pn-i 



a b 
1 



G GL„_i(fc) >. Let 



I?A :={sUn-l,C?) e5M„_i(A)} . 

Note that Dx is abelian and 



Di = { 



S[ In-l, 




> . 



For g G GL„_i(A;), denote m'{g) 



h I G Mn-i. Put 



:= Dxm'{Zn-i)Vn-i • 

Let 1/ be a character of D\. D\ is isomorphic to the special orthogonal group 
of the orthocomplement of ca in V3. Define a character of Rx by 

\v,^,\){d ■ m'{z)v'{y,x)) = v{d)ipn-i{z)x\{v'{y,x)) 

for d G Dx, z G Zn-i, v'{y, x) e Vn-i- We say that an irreducible, admissible 
representation a of S02n+i(^) has a (nontrivial) Bessel model of type {Rx,^), 
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if 

If = 1, we say that the Bessel model (of type {R\, 1)) is special. 

Proposition 2.2. // a is an irreducible, supercuspidal, generic repre- 
sentation of S02n+i(fe), then a has a nontrivial Bessel model of special type 

Proof. Let a be an irreducible, supercuspidal, generic representation of 
S02n+i(^), acting in a space Va. Let r?^;^ be a Whittaker functional on V^, 
with respect to {Un,ipu), i-e- 

for u G Un, C S Kt- For ^ G Va, let W^{g) = rj^pui'^id)^) correspond- 
ing Whittaker function. Since a is supercuspidal, is compactly supported 
modulo Un (on the left). Now consider 




\ 

where for a G GL„(A;), m{a) =1 G S02n+i(^)- It follows from 

a* 

the definition of /3(^) and the supercuspidality of a that the integral (which 
is a Mellin transform) is absolutely convergent, and we can choose ^ so that 
PiO 7^ 0- direct verification, one can check that (3 is a Bessel functional of 
special type (i?i, 1) attached to a. □ 

Proposition 2.3. Let a be an irreducible admissible representation of 
S02n+i(^)- Let TT be an irreducible admissible i/j^ ^-generic representation of 

Sp2„(/c), such that tt is a local ip-Howe lift of a. Then a has a nontrivial Bessel 
model of special type {Rx,l). 

Proof. The idea of the proof is similar to that of the corresponding global 
statement (Prop. 1 in [F]). For later needs, wc consider a slightly more general 
situation. Let a be an irreducible, admissible representation of S02r+i{k), 
where r < n. Let tt be an irreducible, admissible tp^ ^-generic representations 

of Sp2„(A;) acting in a space 14 . Assume that tt is a local V'-Howe lift of a. Then 
there is a nontrivial Sp2„(A;)-intertwining and S02r-+i(A;)-equivariant map 

p : 5(y") KtV K 

(y, as before, is the vector space, of dimension 2r + 1, over A;, on which 
S02r+i(A;) acts from the left, preserving {■,-)v- Also, V^v is a realization 
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of o"^.) Let ry^.^ be a (nontrivial) Whittakcr functional on T^, with respect 

to (Un,ip^ ^^)- As in the proof of Proposition 2.1, consider the composition 

b^^ = rjjp^ op. We view b^^ , as a (nontrivial) bilinear form on (S(y"') x V^v 
satisfying the quasi-invariance property 

(2.32) b^^^^{u^{g,u)ip,a'^{g)^) = ip~^^{u)b^^,^{^p,^) 

for u G Un, g e S02r+i{k), (p G »S(F"), ^ G V^v. Let JNn,jp~ denote the 
Jacquet functor with respect to and i^fj )^\n„ ■ Then we may first view ^ 

as a bilinear form on JNn,i}~ {SiV^)) x T/.v, satisfying 

(2.33) b^^ ^{u],^{g,{m{z),l))Lp,a'^ {g)C) = ipn{z)b^~ ^{y^, 

for z & Zn- We continue denoting by lo-^ the action of m(Z„) x S02r+i(A;) on 
(/.in J^„,^^_^(5(F«)). Let 

Vl' = i^{v,,...,Vn)^V-:Gy:ivi,...,Vn) = 

where Gr(vi, . . . , Vn) = ((^i, ■Uj)y)„xn- Now, 

(2.34) J;v„,v.~^(5(F"))->S(F,") . 

This follows as in (2.11). We have the exact sequence 

where r is induced by restriction of functions on V"' to V^, and i is induced 

by extending functions on V"'\V^ by zero. By (2.32), we find, as in the proof 
of Proposition 2.1, that Jn^,^,- ^{SiV"\V^)) = 0. This proves (2.34). Note 

that Nn acts on S{VJ^) by i^fj y Thus, the space of bilinear forms (2.33) is 
isomorphic to 

(2.35) Homso,.+,(fc) (^S.(z„),^„(5(l5r)) F.v, c) 

where S02r+i(fc) acts trivially on C. By Witt's theorem, the orbits of 

S02r+i(fc) X fn{Zn) in V)^ have the form 

(2.36) S02r+i(A;) • (0 • • • OeiO • • • 0e20 • • • OejO • • • OeA)^„ . 

Here j and the location of ei, . . . , e^- among the zeroes determine the orbit. As 
in the proof of Proposition 2.1, the orbit (2.36) contributes zero to (2.35), as 
long as there are zeroes in the representative of (2.36). In particular, the space 
(2.35) is zero, if r < n — 1, and hence cr cannot have a (nontrivial) V^-Howe lift 
to Sp2„(A;), which is .-generic. 
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We go back to the case of the proposition, r = n. As we just explained, 
the space (2.35) is isomorphic to 

i'^-'^'^) -'^'-'™S02n+i(fc)xm(Z„) 

(5(0n)®V;v,C) 

where fh{Zn) acts on C by ip^, and 

= S02n+i(A;)(ei,e2, . . . ,e„_i,eA)^„ • 

Note that the space »S(r2„) is isomorphic to the compactly induced represen- 
tation _ 

c-Ind|?^"+^('=)^'"(^")(l), 

where R'^ is the stabilizer in S02n+i(^) X fn{Zn) of (ei, . . . , e„_i, e;^), consisting 

of elements of following type: 

(2.38) 

ff C y b 




eS02n+i{k) X m{Zn) I „„_i 



C G Zn-1, de\=ex 

En— 1 
i=l XiCi 



Here, we view d as an element of S0(V3) and y as an element of 

Homfe(V'3, Spanfe{ei, . . . , e„_i}). 

What we proved, so far, is that the space of bilinear forms (2.32) is isomorphic 
to 

Homso,„,,(.).^(^„) (c-Indl^-^'^^x-^^-^d) 0aV^^^^ ^ 

which, by Frobenius reciprocity is isomorphic to Hom^/^(res^/^('0~^ ® a^), 1). 
When we consider (2.38), it is easy to see that the last space is isomorphic to 

(2.39) HomRjrcsi?Jcr),6(i^^^A))- 

We used the fact that a is self-dual (see [MVW, p. 91]). This means that a 
has a (nontrivial) Bcsscl model of type {Rx, 1). □ 

Let us continue the line of proof of Proposition 2.3 and consider the case 
r = n — 1. We will keep the same notation. Since in this case A must be a 
square (so take A = 1), the space (2.35) (with r = n — 1) is isomorphic to 

Homso2„_i(fe)xm(Zn)('5(^^n) ® KtV,C^„)) 

where 

9!n = S02n-l(fe)(ei, 62, . . . , e„_i, e)Zn . 
Again the space Sip,'^ can written as a compactly induced representation 

c-Ind|°^"-^('^)x^^^")(l), 
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where 

' ' ^ y h 



Si = { 



(I 1 1 ))eS02„-i(fc)xm(Z„) 



Thus, the space of bihnear forms (2.32) is isomorphic to 

Homso,„_,(.)x^(Zn) (c - Ind5^-('=)x-(^")(l) a\ , 
which is, by Probenius reciprocity, isomorphic to 

(2.40) Horns, (res5i (^^^ ®^T^),1) = Homt;. (a^ , Vc/' ) = Hom^,(CT, ^t/')- 

Here U' is the standard maximal unipotent subgroup of S02n-i(^) and V^c/' 
is its standard nondegenerate character defined by ip. Since the last space is 
nontrivial, we conclude that a is generic. 

As in the proof of Proposition 2.1, where we obtained (2.29), we may view 
h^^ {(p,(,), satisfying (2.32), as a distribution on y", for fixed ^; then the 

content of the proof of the isomorphism of the space (2.32) with (2.39) is that 
^ {if, $,) has the form, for r = n, 

(2.41) h^^Up,C)=i i^i^i9A)v>iei,e2,...,en-i,ex)l3{C){g)dg 

JSx\S02„+i{k) 

where /3 is a nonzero Bessel functional on V^, of type {Rx^i), and is the 
stabilizer in S02n+iik) of (ei, . . . , e„_i, e;^). Similarly, in case r = n — 1, X = 1, 
the content of the isomorphism of the space (2.32) and the space (2.40)) is that 
b^^ {(p,^) has the form 

(2.42) b^^{(p,^)= u;^{g,l)ip{ei,e2,...,en-i,e)W{a{g)^)dg 

ic"\S02„-i(fc) 

where W is a V'c/'-Whittaker functional on V^, and C is the stabilizer in 
S02„-i(A;) of (ei, . . . , e„_i, e). 

Note that the integrals in (2.41) and (2.42) converge absolutely. This is 
shown as for the integral in (2.29). For example, let us sketch the convergence 
of (2.41) in case A = 1. By the Iwasawa decomposition, it is enough to show 
that the integration along Si\B is carried in a compact support, where B 
denotes the Borel subgroup of S02n+i(^)- Thus it is enough to show that the 
following function has compact support 

If ^z'^a'^ei, . . . , z~^a~^en-i, ^ + 5Z /?(0(diag(a, u{xn),a*) 

where a = diag(ai, . . . , a^-i), z € Zn-i, and 

u{Xn) =1 1 Xn 
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Since ip € looking at its last coordinate, we see that the support in 

(xi, . . . ,Xn) G A;" is compact. Next, the function /?(^)(diag(a, ^(xn), a*)) van- 
ishes for a € (A;*)"~^, if maxi<j<„_i{|ai|} is large, and x„ remains in a com- 
pact set of k. The proof for this is the same as for Whittaker functions. 
Denote the last function by /(a,x„). We can find a unipotent element u in 
S02n+i(fc) close to the identity, such that it fixes (3{C)- We then get /(a, Xn) = 
6(1 ,0 i)('u")/(a, (see the paragraph before Prop. 2.2 for notation), where 
denotes conjugation of u by diag(a, Is, a*). From the last equality for any u 
close enough to the identity, we conclude that if /(o, Xn) is nonzero, then the co- 
ordinates of a are bounded (above). Finally, if ip{z^^a~^ei, . . . , z~^a~^en-i,e+ 
J2^=iXi^i) is nonzero, then maxi<j<„_i{|aj|~^} is bounded, and then z must 
lie in a compact set as well. 
We summarize. 

Corollary 2.2. Let tt be an irreducible ^-generic representation of 

(1) Assume that a is an irreducible representation o/ S02n+i(^), which 
is a local tp-Howe lift of tt. Then a has a Bessel model of special type {R\^i). 
Moreover, the functional fe^.^ , viewed, as a, bilinear form, onuo,^,(^a (= a;^/;Cg)(T^) 

has the form (2.41), where P is a Bessel functional on V^, of type {Rx, 1). The 
ip-jj ^- Whittaker model of tt is spanned by the functions 

(2.43) h>-^ uj^{g,h)(p{ei,e2,...,en-i,ex)/3{^){g)dg . 

JS),\S02„+i{k) 

(2) The representation tt has no nontrivial local tp-Howe lifts to S02r+i{k), 
for r < n — 1. 

(3) Assume that a is an irreducible representation of S02n-iik) , which is 
a local tp-Howe lift of tt. Then X is a square {take A = 1) and a is generic. 
Moreover, the functional h,^ has the form (2.42). The ^-Whittaker model 
of TT is spanned by the functions 

(2.44) h>-^ u;^{g,h)ip{ei,e2,...,en-i,e)W{a{g)(,)dg. 

JC'\S02n-l{k) 

Proposition 2.4. Let a be an irreducible, generic, supercuspidal repre- 
sentation of S02n+i{k) ■ Then a has a nontrivial local i/j-Howe lift to Sp2„(A;). 
Moreover, there is a nontrivial space {a) of tp- ^- Whittaker functions on 

Sp2„(A;), which is invariant to right translations and is spanned by the func- 
tions (2.43) with P a Bessel functional on Va of special type {Ri, 1), such that 

(2.45) HomgQ^^^^^^^^g~^^(^^(a;^ (g) a,t^{a)) + 0. 
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Proof. By Proposition 2.2, a has a nontrivial Bessel functional (3 of special 
type Consider the integrals (2.43) (with this (3 and A = 1). They 

converge absolutely (as shown before Cor. 2.2). Since the space consisting of 
the functions ip{g^^{ei, . . . ,e„_i,en)) contains the space S{Si\S02n+i{k)), it 
follows that integrals in (2.43) as the (</?, ^) vary cannot be identically zero for 
any given P{S^){g), by means of the usual density argument. 

Let tji,{a) be the space of functions on Sp2„(A;) spanned by the integrals 
(2.43). Then tj){a) consists of tp~ -Whittaker functions and affords a smooth 

representation, by right translations of Sp2„(A;). By construction, we clearly 
have (2.45). Write (2.43) as a sum of two terms Wl^^{h) + W~^{h), where 

= 7, I {^^{g, h)ip ± u^p{-g, h)ip){ei , 62, . . . , en-i,ex)(3{0{g)dg. 

Denote by t^{(j) the space spanned by the functions as (f varies in 5 and 
^ varies in V^. Since t^(a) is nontrivial, one of the spaces t^{cr) say t^(o"), is 
nontrivial. Of course t^{cr), is a nontrivial Sp2^(A;) - sub module of t^{a) and 

and hence 

In particular, S^'"(o"'^) 7^ 0, and since is supercuspidal, we conclude, as 
in the proof of Corollary 2.1(2), that has a nontrivial local V'-Howe lift to 
Sp2„(/c). In particular, a has a nontrivial local -^-Howe lift to Sp2n{f^)- ^ 

The main theorem of this section is: 

Theorem 2.2. Let a and vr be irreducible, supercuspidal representations 
of S02n+i{k) and Sp2„(A;) respectively. Assume that a is generic and that ir is 
ip- ^-generic. Then 

(1) a has a unique nontrivial local ip-Howe lift to Sp2„(A;). This lift is super- 
cuspidal and ^-generic. 

(2) For n > 2, TT has a unique nontrivial local i/j-Howe lift to S02n+i(fc)- 
This lift is supercuspidal and generic. 

Proof. Let a be an irreducible, supercuspidal, generic representation of 
S02n+i(fc)- By Proposition 2.4, a has a nontrivial local V'-Howe lift to Sp2„(/c). 
Let cr^ be as in the proof of Prop. 2.4. By Proposition 2.1, n = no{a^), and 



768 



DIHUA JIANG AND DAVID SOUDRY 



hence, by Theorem 2.1, 6^'"((T^) = ^^'"(f*^) is irreducible and supercuspidal. 
By the proof of Proposition 2.4, we have 

This imphes that ^^'"(c'^) is a sub-representation of Since is 

realized in a space of ^-Whittaker functions, is also ip~ j^-generic. 

Put TTe = ^^'"(cr^). Of course TTe is a nontrivial local ^-Howe lift of a to 

Sp2„(/c). Note now that it is impossible to have both 7r+ and 7r_ nontrivial, 

since in such a case, we will get that both Tr± are ip-jj ^-generic local ■0-Howe 
lifts of a. By Corollary 2.2(1), both tp- ^-Whittakcr models of 7r± are given by 
the spans of the integrals (2.43). This implies that 7r+ = 7r_, and hence, by 
Theorem 2.1, a+ ^ 6'^,n(^+) - ^n,n(^-) = This is impossible since a+ 
and a~ are not isomorphic. Thus, if tt is a local V'-Howe lift of a to Sp2n{k), 
then vr is a local -i/'-Howc lift of one of the representations a^, say , and 
then it follows, by the above and Theorem 2.1 that vr^/ = 6,i' This 
forces e' = £ and tt = tTs- This proves part (1). Note that 0^^'"'{a^) = t^{a). 
This follows from Corollary 2.2(1). Indeed, since 0^^{a^) is a local -^-Howe 
lift of cr, and it is ip^ ^-generic, then its ip^ ^-Whittaker model is spanned by 
the functions (2.43), i.e. the spanning set of t^{a). 

Let TT be an irreducible, supercuspidal, ih- -generic representation of 

Sp2„(A;). Assume that n > 2. We claim that vr has no nontrivial local tjj- 
Howe lift to S02n-i(fe)- Otherwise, if a' is an irreducible representation of 
S02n-i(A;), which is a local V'-Howe lift of vr, then by Corollary 2.2, parts (2), 
(3), a' is supercuspidal and generic. By part (1) of Theorem 2.2 (just proved), 
a' has a nontrivial, supercuspidal (■i/'jy-gcneric) V-'-Howc lift to Sp2„_2(^)- This 
contradicts the tower principle of Theorem 2.1. (The V'-Howe lifts of the su- 
percuspidal representation a' of S02n-i(fc) to both Sp2„_2(^) and Sp2„(/c) are 
nontrivial and supercuspidal.) Note that supercuspidal Weil representations 
of SL2(A;) do lift to SOi(A;). We conclude from this, Corollary 2.2(2) and 
Cor. 2.1(2) that no(7r) = n. and hence, by Theorem 2.1, Q't^iir) = Oli„{iT) is 
irreducible and supercuspidal. From the proof of Corollary 2.1(2), using the 
same notation, it follows that 

Homg- ^^(,)0^^^^(,) (^Jtt) ® TT, t'^in) ® tt) ^ . 

This implies that ^^.„(7r) is a sub-representation of t'^ii^)- Since ^^(vr) is real- 
ized in a space of if)- _^-Whittaker functions, d^^nW ^^^^ '^u j^-generic. (Note 
again that 0^^^{'k) = t^(7r), as follows from Corollary 2.1(1).) This completes 
the proof of Theorem 2.2. □ 
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2.2. Relation to global Howe duality. In this subsection, we realize an ir- 
reducible, generic, supercuspidal representation as a local component of an ir- 
reducible, automorphic, cuspidal, generic representation and discuss the local- 
global relation. 

Let F be a number field and z^o be a finite place of F, such that Fj/g = k. 
Let a be an irreducible, supercuspidal, generic representation of S02n+i(^)5 
and let tt be the (unique) local ^-Howe lift of a to Sp2„(A;). By Theorem 2.2, tt 
is an irreducible, supercuspidal, i/j- ^-generic representation of Sp2„(A;). There 
is an element, which is a square in k*, o? (and we may even take it to lie in 
1 + Vy^^ , where Vy^^ is the maximal ideal in the ring of integers of fc) , such that 
there is a nontrivial character ^/^o oi A/F (A is the adele ring of F), such that 
^0,1^0 = > i-e- '(po,uo{x) = tp^a^x), for all X in Fyg. Modifying '0 by ip"' is not 
harmful, since uj^ = i^^a^ and tt is ^-generic, if and only if it is ip~ ^-generic. 
Note that tt is generic with respect to the character 

if and only if it is generic with respect to the character 

u ip{ciui2+, . . . ,+ Cn— I'^^n— l,n "I" Cj^'^n,n+l} : 

for any ci, c„ in k* (this is clear from the action by conjugation of the 
diagonal subgroup on U). Thus, we may replace ■0 by '0° , and hence we may 
just assume that a = 1, so that there is a nontrivial character of ^/F, 
satisfying ^po,uo = V'- 

Let So be the (finite) set of finite places v of F, which satisfy (at least) 
one of the following conditions. 

1) The residual characteristic of F^ is the same as that of F^^. 

2) The residual characteristic of F^ is two. 

3) Vo.i/ is not normalized (i.e. its conductor is not the ring of integers at v). 

4) The residual characteristic at u is equal to that of a place v', which 
satisfies the previous condition. 

Choose for each place v £ So an irreducible, supercuspidal, (V'Oj^)rr i" 
generic representation tTi, of Sp2n{^v), such that tt^q = it. As in Theorem 2.2 
of [V], there is an irreducible, automorphic, cuspidal, (V'o)Fr i -generic repre- 

sentation U of Sp2„(A), such that = tt^, for all u e So- (Here we abuse 
notation and denote by Ua the adele analogue of U.) 
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Consider the global theta lift G(n, V'o) of 11 from Sp2„(A) to S02n+i(A). 
To be consistent with our local set up, 6(11, V'o) is spanned by 



Here d^p^ig, h) is the theta series for the dual pair S02n+i(A) x Sp2„(A) asso- 
ciated to '00 and the Schwartz function 0, and ^ varies in the space of 11. By- 
Proposition 3 in [F], 0(n, ^/iq) is nontrivial and generic (in the sense that the 
■i/'o-Whittaker coefficient (and hence any other Whittaker coefficient) is non- 
trivial on G(n, f/^o))- We claim that 6(11, f/^o) is cuspidal. Otherwise, there 
is an integer m < n, such that 6^(11, V'o), the theta lift of 11 to S02m+i(A), 
6rrt(n, ■i/'o), is nontrivial. Take the first such m. Then 6^(11, ■0o) is cuspidal. 
Let S be an irreducible summand of 6^(11, ^o)- We clearly have, at fo. 



where w^"*'" is the Weil representation for the dual pair S02m+i(fc) x Sp2„(A;). 
Thus TT has a local V-Howe lift to S02m+i(^)- This contradicts the tower 
principle of Theorem 2.1, since tt already has a local V'-Howe lift to the super- 
cuspidal representation a on S02n+i{k)- Since Q{Il,ipo) is cuspidal, we can 
decompose 6(11, tpo) = Sj into a direct sum of irreducible summands. Note 
that each summand is (irreducible and) cuspidal. Since 6(11, 0o) is generic, 
there is a summand, call it S, which is generic. Since Hi^g is a local ip-Howe lift 
of TT, we find by Theorem 2.2, that Si,^ = a. Similarly, for any other u G So, Sj, 
is a local V'-Howe lift of tTi,, and again, since tTi, is a supercuspidal, (ipoi,)~ - 

generic representation ir,, of Sp2n{Fu), we get (by Theorem 2.2) that Ti^, is a 
supercuspidal and generic. This proves: 

Proposition 2.5. Let a be an irreducible, supercuspidal, generic repre- 
sentation o/S02n+i(fc)- Let IT be the local tp-Howe lift of a to Sp2„(/c). Let F 
be a number field, and let vq be a place of F, such that Fy^ = k. Assume that 
there is ipo as before. Then there exists an irreducible, automorphic, cuspidal, 
(■0o)fT ^-generic representation H o/Sp2„(A) such that 



2) There exists an irreducible, automorphic, cuspidal, generic representation 
E o/ S02ji+i(A), such that S C 6(11, -^o) o-'^d Si/,, = a. 

Moreover, let, for each v G Sq,v ^ uq [Sq as before), tt^ be an irreducible, 
supercuspidal, {ipo,v)fj ^-generic representation of Sp2n{Fi/)- Then we may 
take n and T, as above, such that 11^ = ttu {and hence Sj/, being the local tpo^i, 
Howe lift ofiTi,, is supercuspidal and generic), for all v & Sq,v ^ uq. 





1) ^ TT. 
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3. Local gamma factors 

The basic theory of local gamma factors for S0(2n + 1) and the twisted 
ones has been established by F. Shahidi ([Shi] and [Sh2]) and D. Soudry ([SI], 
[S2], and [S3]), by different methods. We shall discuss the basic properties of 
local gamma factors related to various lifting problems of representations of 
p-adic groups. We will also discuss local gamma factors for metaplectic groups. 

3.1. Basic facts on local gamma factors. Let A; be a non-archimedean 
local field of characteristic zero with residual field consisting of q elements. 
We shall recall mainly from [SI] some basic facts on local gamma factors, for 
S0(2n + 1) and later on we recall, mainly from [GRS2,3], local gamma factors 
for metaplectic groups. 

Let a be an irreducible admissible generic representation of S02n+i(fc) 
with >V((T, '0) the associated standard Whittaker model with respect to the 
additive character Let g be an irreducible admissible generic representation 
of GLi{k) with W{Q,'ip~^) the associated standard Whittaker model with re- 
spect to the additive character ■0""-'^. Let Pi = MiNi be the standard maximal 
parabolic subgroup of (split) S02i(A;) with the Levi subgroup M/ = Glji{k). 
Let I{g,s) be the unitarily induced representation of S02i{k) from Pi, which 
is realized in the space of all smooth functions: 

satisfying the following condition: 



Z-l 



$g,s(m(a)ny)(x) = |deta|^+ 2 $^_^(y)(xa) 

where y G SO^iik), m{a) G Mi{k), n € Ni{k), and x G GL;(A;). For the sake of 
convenience, we shall write ^g^g as a C-valued function with two variables: 

where y G S02i{k) and x G GL;(A;). 

The local Rankin- Sclberg convolution A{Wa; £,g,s) for S02n+i{k) x GL/(/c) 
is defined by formulas (1.2.3) and (1.3.1) in [SI] for n < / and n > I, respec- 
tively. To illustrate the construction, we recall the definition of the integral 
A{W^;^Q^s) for the case I < n. For d G M(^^_i^^i{k), we set 

f Ii \ 

d In-l 

x{d) := 1 G S02„+i(fc). 

In-l 

\ d' Ii ) 

Set X^i^ri) ■■= Md) 1 d G M(„_;)xz(A;)}. For G W{a,tP) and C^,. e /(^,s), 
the local Rankin-Selberg convolution integral v4(VFo-; ^g^g) is defined as formula 
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(1.3.1) in [SI] by 

(3.1) A{W,;Us)-= [ [_ W,{x{d)ji,n{h))ie,s{KIi)dx{d)dh, 

JVi\S02iik) 

where ji,n{h) is the embedding of SO21 into S02)i+i given by 

Vi is the standard maximal unipotent subgroup of S02;(A;). As in Chapter 9 
of [SI], to obtain a functional equation for local Rankin-Selberg convolution 
integrals, one applies the intertwining operator 

M{wi,-) : IiQ,s)^I{g^^,s), 

which is defined by 

M{wi,^g^s){y;x) := / ig^s{winiy;x)dni 

JNi 

where wi is the Wcyl clement in SO21 as defined in §9.1. Another local Rankin- 
Selberg convolution integral ^(VFa-;^e,«) S02n+i(^) x GL;(/c) can be de- 
fined as in §9.2, §9.3, §9.4 and §9.5 of [SI] for various different cases. Now 
A{Wcr;^Q,s) is obtained with slight modification from A{Wcr;^g,s) by substitu- 
tion of M(wi,^g^s) instead of ^g^g- 

By Theorem 10.1 of [SI], there exists a rational function in q~^, T(a x 
^, s, V'), such that 

(3.2) r(c7 X g, s, ^) • A{W^; C,,s) = AWa, Cs,s)- 

Let 7(^), A^,2s — l,^') be the local coefficient (local gamma factor) of Shahidi 
[Sh2], corresponding to the intertwining operator M{wi,-). Then the local 
Rankin-Selberg convolution gamma factor j{a x g, s, ip) (or simply the local 
gamma factor of a twisted by g) is defined as in §10.1 in [SI] by the identity 

(3.3) j{a X g,s,^) ■ A{Wy,^g,s) = A*iW,;^g,s), 
where 

A*{Wy,^g,s)=i{g,A\2s - l,4^)-AiW,;^g,s). 
Hence we have the formula 

(3.4 r(cj X g, s, V = . .2 o TTT' 

7(£>,A^,2s - 

which implies that 7(0" x g,s,ip) is a rational function in q^^. 

We recall from Chapter 11 in [SI] and from [S3] the theorem on the multi- 
plicativity of the local twisted gamma factor 7(0- x g, s, ip). See also Shahidi's 
work in [Shi]. 
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Theorem 3.1 (Multiplicativity of gamma factors ([SI] and [S3])). (1) Sup- 
pose that an irreducible admissible generic representation a of S02n+i (k) is 
a subquotient o/ Indp^^""*"^ ^'^^ (r^ (8) cr„_r), the unitarily induced representation 

from a standard maximal parabolic subgroup Pj- of S02n+i{k), where Tr is an 
admissible generic representation of GLr{k) and Un-r is an admissible generic 
representation o/ S02(n-r)+i(^)- Then 

7((T X g, s, ijj) = a;T-(-l)'*7(rr x g, s, ijj) ■ j{an-r x Q, s, ijj) ■ -/{t^ x g, s, ip), 

for any irreducible admissible generic representations g o/GL^(A;) with I being 
any positive integer, where ^{Ty. x g, s, ip) and ^{t^ x g, s, tp) are the local gamma 
factors defined as in [JP-SS] (r^ is the contragredient representation ofr.) 

(2) Suppose that an irreducible admissible generic representation g of 
GLi(/c) is a subquotient o/ Indp^^' (r^ ^ Ti-r), the unitarily induced rep- 
resentation from a standard maximal parabolic subgroup Pr,i-r of GLi, where 
Tr is an admissible generic representation of GLr{k) and ti^j. is an admissible 
generic representation o/GL;_r(fe). Then 

7((T X g, S, V') = 7(0" X Tr, S, Ip) ■ 7(0- X Tl-r, S, tp), 

for any irreducible admissible generic representations a ofS02n+i{k). 

A similar theory of local gamma factors 7(7r x g, s, tp) can be inferred 
from [GRS3], for a ^"S^^^^i*^ representation tt of Sp2„(A:) and a generic 
representation g of GL;(A;). In this paper we need the case n < I only (more 
precisely I = 2n), and this is explained in [GRS3, §6.2] for k non-archimedean. 
(The case n = lis covered in [GPS] and the case n > I can be done similarly; 
it follows closely the analogous case of S0(2n + 1) x Gh(l), shown in [SI, §8.1, 
8.2].) The case where k is archimedean can be done as well, similarly to [S2, 
§3]. However, in this paper we need less, namely we may assume that vr and 
g arc components at one place of globally generic automorphic forms. In this 
case, the local functional equation at one place (giving rise to the corresponding 
local gamma factor) follows easily from the global functional equation satisfied 
by the global integrals. We review this in the appendix (§7.1). When we return 
to the non-archimedean local field k, vr, g, 'ip, n < I, as above, the local gamma 
factor is the proportionality factor in a local functional equation of the form 

^' -mw, ^, = B{W, ^, M{w; e,,,)). 



-i{g,s-l/2,^)-i{g,K^,2s-l,^) 



Here 11^ is a function in the ^ip Whittaker model of vr, (/? is a Schwartz func- 
tion on fe", and ^^i.s is a holomorphic section for J{g, s), the representation of 
SP2i (^) induced from the Siegel parabolic subgroup Qi and the representation 
^fldetl''" 2 . The section ^^^g takes values in an appropriate Whittaker model of g 
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and M(w; •) is the local intertwining operator attached to the Weyl element 




In [GRS2], we defined 

where U is the standard maximal unipotent subgroup of Sp(2n). The precise 
form of J^^n (a Fourier-Jacobi model) is given [GRS2,(1.11)], with i/j"^ replac- 
ing ip. Here j{g) is an appropriate embedding of g in Sp2;(A;) and Jijj,ni'py^0,s) 
is given by an integral which stabilizes on large compact open subgroups of a 
certain unipotent subgroup. In particular it is holomorphic in s, and actually, 
this is a polynomial in {q is the number of elements in the residue field 
of k). The right-hand side of the functional equation has a similar form, with 
M{w;^g^s) replacing ^g^g. 

3.2. Poles of local gamma factors. We study here the relation between the 
existence of possible poles of the twisted local gamma factors and the structure 
of the given irreducible admissible generic representations. 

By the subquotient theorem of Jacquet [J] or the classification of irre- 
ducible admissible generic representation of GL„(A;) ([M], [BZ] and [Z]), an 
irreducible admissible generic representation r of GL„(A;) is a subquotient of 
a certain induced representation. More precisely, the representation r is a 
subquotient of the unitarily induced representation 

Ind';l;"';'^l^^^^{n\ • T2I • 1"^ • • • ® r,| • 1^^). 

For the sake of convenience, we use the notation from [BZ] and denote it 
symbolically by 

(3.5) r ^ Til ■ X r2| ■ X . . . X • 

where n = rii and r^'s are irreducible unitary supercuspidal representa- 
tions of GL„.(/c). Without loss of generality, we may assume that Zj's are real 
numbers satisfying the condition: 

(3.6) Zl > Z2 > ■ ■ ■ > z,f, 

because of the assumption of the unitarity of the Tj's. {Pni,---,nr^Ti 'S> ■ ■ ■ Tr) 
is called the supercuspidal support of r, which is determined by r uniquely up 
to permutation, and {zi, ■ ■ ■ , Zr) is called the exponent of r. 

Proposition 3.1. Assume that an irreducible admissible generic repre- 
sentation T of GL„(A;) has the supercuspidal support (-Pni,- -,nr j ''"i <8) ■ • ■ <8) t^) 
and the exponent {zi, - ■ ■ ,Zr). Let g be an irreducible unitary supercuspidal 
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representation of GLi{k). Then the only possible real poles of the twisted local 
gamma factor 7(r x g, s, ip) occur at s = 1 — Zi and the only possible real zeros 
occur at s = —Zi. In either case, we have g = for some z G {1, . . . , r}. 

Proof. By the multiplicativity theorem for the twisted local gamma factors 
([JP-SS]), 

r 

(3.7) 7(r X g,s,'il}) = 7(^1 x Q,s + Zi,i)). 

i=l 

For each factor ^{ji x g,s + Zi,il)), 

L{t^ y<g',l-{s + zi)) 



-f{Ti X g,s + Zi, tp) = e{Ti X g,s + zi, tp) 



L{Ti X g,s + Zi) 



It follows that the local gamma factor ^{Ti x g,s + Zi, ip) may have a possible 
real pole at s = 1 — and a possible real zero at s = — Zj. If one of these two 
things occurs, then we must have 



This has the following useful consequence. 

Corollary 3.1. For any irreducible unitary supercuspidal representa- 
tion g of GLi{k), s = 1 — Zr is the rightmost possible real pole of the product 

r 

Y[j{Ti X g,s + Zi,'il;). 

i=l 

If it occurs in one of the factors in the product, it cannot be cancelled by the pos- 
sible zeros of other factors. In this case, one must have that the representation 
g is equivalent to one of the tJ 's with Zj = Zr . 

We can prove the same result for S0(2n + 1). First we prove the following 
lemma. 

Lemma 3.1. Let a be an irreducible generic supercuspidal representation 
of S02n+i{k) and g be an irreducible supercuspidal representation ofGLi{k). 
Assume that the twisted local gamma factor 7(0" x g, s, ip) has a pole at s = 1. 
Then the pole must be simple and the representation g must be self -dual. More- 
over, L[g,h?, s) has a pole at s = 0. 

Proof. By the definition of 7(0" x g, s, ip), 

7((j X g,s,tlj) ■ A{W^,^e,s) 

= j{g,A'',2s-l,2P)-A{W,,^s,s) 
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e{e,K\2s - 1,^) •L(^^A^2(1 - .)) - "^^^^'^ 



Since both a and g are irreducible, generic and supercuspidal, A{Wa, Ce,s) 
is entire (as a function in s). By Theorem 5.1 in [CS], the normahzed local 
intertwining operator 

L{g,A\2s-l)-^ -Miwi,-) 

is entire and hence 

is entire. (Actually, at the point of our interest, s = 1, the intertwining integral 

converges.) Further, we can choose certain data such that A{Wa-,^Q,s) does not 
vanish. Hence, if 7(0" x g,s,tjj) has a pole at s = 1, then we must have that 
L(^^,A^,s) has a pole at s = 0. It is known that if L{g,A^,s) has a pole at 
s = 0, then 

and the pole is simple. In other words, the gamma factor 7(0- x g, s, ip) has at 
most a simple pole at s = 1 and if the pole occurs, then g is self-dual. □ 

Here is an analogue needed on the metaplectic side. 

Lemma 3.2. Let n be an irreducible, supercuspidal representation of 
Sp2„(A;). Assume that it is ipfj ^ generic. Assume that I > n and let g be a 
representation of GLi{k) induced from £»! • • • (?) £>r, where gi is an irreducible 
unitary supercuspidal representation of GLmj(fc) with mi + • • • + = As- 
sume also that gi is not isomorphic to for i ^ j- Then the order of the pole 
at s = I of ^{-K X g, s, ip) is less than, or equal to that ofY\!i=i L{gi, A^, 2(1 — s)). 
In particular, if L{gi, , z) is holomorphic at z = {e.g., gi is not self -dual), 
for 1 < i < r, then ^{ir x g, s, ip) is holomorphic at s = 1. 

The proof follows (as in Lemma 3.1) from the local functional equation, 
and the fact that Whittaker functions for vr are compactly supported modulo 
Un (we assume that vr is supercuspidal.) The details are written in Proposi- 
tion 1 and Corollary 1 of [GRS6]. Note also that 

L{g\A-',z) = n ^is^ X Qlz)f[L{glA-',z) = f[L{glA^z). 

l<i<j<r i=l 1=1 

We use this for z = 2(1 — s). 

Returning to the orthogonal group we consider more general cases. Let a 
be an irreducible admissible generic representation of S02n+i(^)- By Jacquet's 
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subquotient theorem [J] , there is a standard paraboUc subgroup Q with its Levi 
part isomorphic to 

GL^i X ... X GL^^ X S02mo+i) 

(n = Y^i=Q rrii) and there are irreducible unitary supercuspidal representations 
Ti of GL^.(A;) (i = 1,2, • • • ,r) and an irreducible generic supercuspidal repre- 
sentation (To of S02mo+i(^)) such that the representation cr is a subquotient of 
the unitarily induced representation 

(3.8) a -< IndQ°'"+' (nj det ® ■ ■ ■ Tr\ det ao). 

Without loss of generality, we may assume that the parameters Zi arc real and 
have the property that zi > Z2 > • • • > Zr > 0. With this assumption, we say 
that the representation a has supercuspidal support {Q; ri, T2, • • • , r^; (Tq) and 
exponents {zi, Z2, ■ ■ ■ , Zr). 

Proposition 3.2. Let a be an irreducible admissible generic represen- 
tation of S02n+i(A;) with supercuspidal support {Q; ri, r2, • • • , r^; ctq) and expo- 
nents (zi, Z2, ■ ■ ■ , Zj.). Then s = I + zi is the rightmost real point at which the 
twisted local gamma factors 7(0" x g, s, tp) can possibly have a pole for any irre- 
ducible unitary supercuspidal representation g ofGLi{k) where I is any positive 
integer. If the pole at s = 1 -\- zi occurs for some (Z, g), then 

Q = no 

where Ti^ is a representation among the Ti 's such that Zi^ = z\ . 

Proof. By the multiplicativity of the local gamma factors (Theorem 3.1), 
7(ax^,s,V)=u.,(-l)^"+-° 



7(0-0 X g,s,tjj) 



n 7(Ti X ^, s + Zi, ip)-f{T>^ X g,s- Zi,ip) 
U=l 

where g is any irreducible unitary supercuspidal representation of GLi[k). 
By the argument in the proof of Proposition 3.1, we get that 

(1) the factor ^{t^ x g,s -\- Zi, ijj) may contribute a possible real pole at 
s = 1 — Zi and a possible real zero at s = —Zi, and if one of these 
two things occurs, then g = T^, 

(2) the factor j{t^ x g,s Zi,'ip) may contribute a possible real pole at 
s = 1 + Zi and a possible real zero at s = Zi, and if one of these two 
things occurs, one has g = Ti, and 

(3) the factor 7((To x g^s^ijj) has no zero for Rc(s) > ([Shi, §5] and [Sh2, 
Prop. 7.2]) and may have a possible simple real pole at s = 1 (Lemma 
3.1). If the pole occurs, we must have g = g^ (and L{g, A^, s) has a pole 
at s = 0). 
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Hence s = 1 + zi is the rightmost possible real pole of the product 

r 

a^e(-l)™^'"°[n'^(^^ X ^,s + 2;i,V')7(T/ X Q,s- Zi,'^)\-i{aQ x ^,s,V')- 

i=l 

If the pole occurs at s = 1 + zi, it cannot be cancelled by any possible zero 
from other factors in the product and g = n^, where t^q is a representation 
among the r^'s, such that Zjp = zi- □ 

Corollary 3.2. Let a and a' be irreducible admissible generic repre- 
sentations of S02„+i(A;) with supercuspidal supports {Q; ti,T2, ■ ■ ■ ,ti \ (Tq) and 
{Q'; t[,T2, ■ • • ,Ti'', Cq), cLnd exponents (zi, Z2, - " i ^i) and {z'-y^z'^-, ■ • • , z'l,), respec- 
tively. If the twisted gamnna factors are the same., i.e. 

7(0- X Q, s, ip) = 7((t' X Q, s, ijj) 

for all irreducible supercuspidal representations g of GL;(A;) with I = 1,2, ■ ■ ■ , 
2n — 1, then zi = z'y. 

3.3. Gamma factors and functorial lift. The Langlands functorial lift (or 
transfer) conjecture describes the relation between automorphic representa- 
tions of two different groups as long as their Langlands dual groups have an 
'admissible' relation. One may find more details about the Langlands conjec- 
tures in [B]. In this paper, we need a special case, which we describe below in 
more detail. 

Let F be a number field. The Langlands dual group of S0(2n + 1) is 
Sp2„(C) and the Langlands dual group of GL(2n) is GL2n(C). The natural em- 
bedding of Sp2„(C) into GL2„(C) is 'admissible', so that by Langlands functo- 
rial lift conjecture, any irreducible automorphic representation S of S02n+i('Ai) 
can be lifted to an irreducible automorphic representation T of GL2n(A), func- 
torially. In other words, if we write 

(as the restricted tensor product of the local components) , then T is a (global) 
Langlands functorial lift of S if and only if for each local place v, the local 
component 7^ is a (local) Langlands functorial lift of the local component S^,. 
Moreover, a lift from E to T is called a weak Langlands functorial lift if the 
local component 7^ is a (local) Langlands functorial lift of the local component 
for all archimedean places and for almost all places v of where 7^ and 
S„ are unramified. 

In [CKP-SS] the weak Langlands functorial lift from S02n+i(A) to GL2n(A) 
was proved to exist for irreducible generic cuspidal automorphic representations 
of S02n-i-i(-^)5 by using the converse theorem for Gh2n- 

Let S be an irreducible generic cuspidal automorphic representation of 
S02n+i(A) and T be a weak Langlands functorial lifting to GL2n(A) of S. 
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The following theorem determines the explicit structure of the image of the 
weak Langlands functorial lifting without any assumption (which improves 
the results in [CKP-SS]). 

Theorem 3.2 ([GRS5]). Let T be an irreducible, automorphic represen- 
tation of GL2n(A) which is the weak Langlands functorial lifting of an irre- 
ducible generic cuspidal automorphic representation S o/ S02n+i (■^) ) then T 
is generic and self -dual. Moreover, T is isomorphic to 

where P2ni,...,2nr standard parabolic subgroup of GL^n corresponding to 

the partition 2n = Yli=i 2?^';; % for i = 1,2, ■ ■ ■ ,r, is an irreducible, unitary, 
self -dual, cuspidal, automorphic representation o/GL2nj(A) such that the par- 
tial exterior square L- function L^{Ti, A^, s) has a pole at s = 1, and % Tj if 
i ^ j- In particular, T is uniquely determined up to isomorphism by S. 

Moreover, one has the following result on local gamma factors. 

Proposition 3.3. Let S^, be the v-local component of an irreducible 
generic cuspidal automorphic representation T, of S02n+ii^) and let T be the 
weak Langlands functorial lifting to GL2n(A) o/S. Then for every supercusp- 
idal representation Ty of GLi{Fy) where I is any positive integer, one has 

7(E^ X Ty,S,ll)y) = 7(7; X Ty,S,1py). 

It is the result of Corollary 5 in [CKP-SS] that the identity 

7(S^ X Ty, S, Ipy) = 7(7; X Ty, S, Ipy) 

holds for every supercuspidal representation Ty of GLi{Fy) with I = 1, 2, • • • , 
2n — 1. The argument in loc. cit. is valid for any I, with no restriction. 

3.4. Structure of the image of local functorial lifting. Let a be an irre- 
ducible generic supercuspidal representation of S02n+i(^t;o) and let S be an 
irreducible generic cuspidal automorphic representation of S02n+i(A.) as con- 
structed in Proposition 2.5. Then 

'Eyg = a. 

Let T be the image of S under the weak Langlands functorial lifting. Then, 
by Proposition 3.3, 

(3.9) 7(S^(, X g,s,ijjyo) =7(^0 x Q,s,ilJyo), 

for all irreducible supercuspidal representations g of GLi(F^g) (/ any positive 
integer). 
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We shall determine the explicit structure of the fo-local component 
r := 7^0 in terms of the supercuspidal support by using the existence of poles 
of the local gamma factors, the global version of which was given in Theorem 
3.2. 

By the subquotient theorem or the classification of irreducible generic 
representations of GL2n{k) {k = ([M], [BZ] and [Z]), the irreducible ad- 
missible generic self-dual representation r of GL2„(A;) is a subquotient of an 
induced representation 

(3.10) r ^ Til ■ X ■ ■ ■ X r^l • I'''' X 771 X • • • X ?7t X r/l ■ \~^'' x • • • x r^^l ■ 

where r^'s are irreducible unitary supercuspidal representations of GL^. (/e), 
and 77j's are irreducible unitary supercuspidal self-dual representations of 
GL2n^. (A;) (n = Y^\=imi + X^j=l^^j)• From the given data, we may also as- 
sume that if = then Tj is not self-dual. Without loss of generality, we may 
assume that ZiS are real numbers satisfying the condition: 

(3.11) Zl>Z2>--->Zr>Q. 

Theorem 3.3. Let a he an irreducible generic supercuspidal representa- 
tion ofS02n+i{k)- There exists a unique irreducible generic representation r 
of Gh2n{k) such that 

(3.12) -yia X Q,s,ip) =j{t X Q,s,il^), 

for all irreducible supercuspidal representations g of GL; (k) {I any positive inte- 
ger). Moreover, in the notation o/(3.10), r must have the following properties: 

(1) T = rji X ■ ■ ■ X rjt, where rjj are irreducible unitary supercuspidal self -dual 
representations of GL2nj{k) (2n = Z^*=i 2nj) and r)i 7^ r)j if i ^ j\ 

(2) the local L-function L{r]i, A^, s) has a pole at s = for i = 1,2, ■ ■ ■ ,t. 



Proof. The existence of r is given by the weak functorial lifting described 
above (r = Ty^ in (3.9)) and the uniqueness of r follows from the local converse 
theorem for GL„ ([Hn2]). It remains to determine the structure of r explicitly. 
Suppose that r has supercuspidal support as in (3.10). Let g be an irreducible, 
supercuspidal representation of GL;(fc). By Lemma 3.1, we know that the 
gamma factor 7(0- x g, s, if)) has at most a simple pole at s = 1 and if the pole 
occurs, then g is self-dual. By the identity in (3.12), wc know that the local 
gamma factor 7(r x g, s, tp) has at most a simple pole at s = 1 and if the pole 
occurs, then g is self-dual. Wc arc going to show that this information about 
the existence of a pole of 7(r x g,s,^) at s = 1 and the order of the pole 
control the structure of r. 
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By using the multiplicativity theorem for the twisted local gamma factors 
in this case (Theorem 3.1 in [JP-SS]), we have 



7(r X £», 5,-0) 

t 

i=i 



n ^ Q,s + Zi, ijj) ■ 7(r>' X g,s- Zi, il;) 

li=l 



By Corollary 3.1, we know that 1 + zi is the rightmost possible real pole of the 
twisted local gamma factor 7(r x g, s, xp) and if it occurs, it cannot be cancelled 
by the zeros of other twisted local gamma factors in the product. 

Now, we take g = ti. Then the local gamma factor j{t x ri,s,f/') has a 
pole at s = 1 + zi- By the identity in (3.12), we know that the local gamma 
factor 7((T x ri, s, ip) has a pole at s = 1 + zi. Repetition of the argument of 
Lemma 3.1 implies that the local exterior square L-f unction L(ti, A^, s) has a 
pole at s = —221. Since ri is unitary (supercuspidal), we get that Re(22;i) = 0, 
and hence zi = 0. We know by Lemma 3.1 that the pole is simple, and the 
representation ti is self-dual. Now, this implies that 

zi = ■ ■ ■ = Zr = 

and the local gamma factor j{t x ti, s,ijj) can be expressed as 

7(r X ri,s,V) = [lin x ri,s,V')]^ x [•••]. 

Hence the local gamma factor j{t x n, s, ip) has a pole at s = 1 with order two 
or higher. This contradicts the simplicity of the pole of the local gamma factor 
7((7 x Ti, s, ip) because of (3.12). Therefore we conclude that the supercuspidal 
representation ri should not occur in the supercuspidal support of r. 

By the same argument, we can conclude that all supercuspidal represen- 
tations Ti with i = 1, 2, • • • , r, do not occur in the supercuspidal support of r. 
Namely we have that 

T -< rji X ■ ■ ■ X rif. 

Since the induced representation rji x ■■■ x rjt is irreducible, we conclude that 

T = r]i X ■ ■ ■ X rjt. 

Since the pole at s = 1 of the gamma factor 7(0" x g, s, tp) is at most simple, 
the representations r]j in the supercuspidal support of r must be all distinct. 
Finally the existence of the pole of the local L- functions L{rji,A?^ s) at s = for 
i = 1, 2, • ■ ■ , i is now clear from the argument above (see Lemma 3.1 again). □ 

Corollary 3.3. Let S he an irreducible generic cuspidal automorphic 
representation of S02n+i{^) o-nd T be the weak Langlands functorial lifting 
of S from S02n-t-i(A) to GL2n(A). For a finite local place v of the number 
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field F, if the v-local component is supercuspidal, then the corresponding 
V- local component %, has form 

% = r]i X ■ ■ ■ X r]t^ 

where the ijj's are irreducible unitary self -dual supercuspidal representations 
of GL2nj{Fv) such that 

(1) r],^r]j ifi^j (2n = E;=,2n,); 

(2) the local L- function L{rii, A^, s) has a pole at s = for i = 1, 2, • • • , t„. 

3.5. Gamma factors and Howe duality. We discuss here the relation of 
local gamma factors under the local Howe duality. Of course, these gamma 
factors should remain invariant, but here we need much less. We need just the 
preservation of a pole at s = 1, as follows. 

Proposition 3.4. Let a be an irreducible generic supercuspidal repre- 
sentation of S02n+iik) and let tt be the irreducible tp- ^-generic supercuspidal 

representation of Sp2„(A;), which is the local tp-Howe lift of a. Let r be the 
local lift of a to GL2n(-F), i.e. the representation given by Theorem 3.3. Write 
T = Tji X ■ ■ ■ X rjt as in Theorem 3.3. Then 7(7r x r, s, V') has a pole of order t 
at s = 1. 

Proof. Let S and 11 be the representations constructed in Proposition 2.5. 
We keep the notation used prior to Proposition 2.5. (We may and do assume 
that ■00,1/0 = "0-) Recall the finite set of places So, and the choices of {'<Po,u)u^ 
generic supercuspidal representations tt^^ of Sp2„(fcjy), such that Hj^;, = vr, and 
Hi, = TTjy, for each place ly in Sq. Recall also that S is the global theta lift of 
n with respect to ipo, and, in particular, Sjy is the local ipo^u- Howe lift of Tr^, 
for each u in So (and hence Sj^q = a). Recall that S is globally generic (and 
hence is generic, for each u in Sq). 

Let T be an irreducible representation of GL2n(A) of the form 

where % is an irreducible, automorphic, cuspidal, unitary representation of 
GL^.(A), 1 < i < r, mi + - • --{-mr = In. Note that T is irreducible. We realize 
it automorphically by taking an Eisenstein series induced from 7i|det|*i (8> - ■ - (8) 
7^|det|^'', and evaluating it at (si, . . . , Sr) = (0, . . . , 0). 

Let <S be a finite set of finite places, containing 5*0, such that at finite 
places outside S, H (hence S ) and T are unramified. For such places 

7(S,, X %, s, V'o,!/) = 7(ni/ X %, s, ■00,1/)- 

The functional equation satisfied by the global integrals for S02n+i x 
GL2n and for Sp2„ x GL2n, means that the product over all places of the 
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corresponding gamma factors is one. From the last equalities outside S, we 
conclude 

7oo(Sxr,s,V'o) n 7(5^1/ x^^',s,V'o,I/) = 7oo(nxr,s,?/;o) Y[ -f{Ui,X%„S,^po,u). 

Here 700 denotes the product of local gamma factors over all archimedean 
places. Write S = U^^^S'(i), where S{i) is the set of all places v in S, such 
that the residual characteristic of ki, is pi, and pi, ■ ■ ■ ,pn are different prime 
numbers. Put 



I 

i=N 



n R^^i 



Thus, Ai{s) is in 'C{p'^^). Write Ai{s) = Ri{pl^), where Ri{x) G C(x). We get 

_ 7oo(S X T,s,V>o) 
i=i " 7oo(n X r,s,^o)' 

We show in Section 7.2 that there is M > 0, such that for |Im(s)| > M, 
both 7oo(S X T, Sj'i/'o) and 7oo(n x T,s,iPq) are holomorphic with no zeroes. 
Thus, if So is a pole (resp. a zero) of Rj{p'!j), then sq + is a pole (rcsp. a 

zero) of Rj{p~^), for all integers m. Since pi, . . . ,pAr arc different, we see that 
Y\4=i Riip^'^) has an unbounded sequence of poles (rcsp. zeroes) on the line 
Re(s) = sq. This is impossible unless each Ri{x) is an exponential. Thus there 
are Oj and hi, such that 

a^e^'* n 7(S,. X r^, s, ^0,1.) = H 7(n,. x T;, s, V'o,;.)- 

In particular, there is an exponential a(s), such that 

n 7(^1^ X %,s,ipo,u) = n 7(n,. X 7;,s,V'o,i/) 

where is the set of places in 5, where the residual characteristic of is 
the same as that of k,^g (note that this is a subset of Sq). 

Consider now the special case where %g = r, where r is the local lift of a 
to GL2n(fcj/o)) as in Theorem 3.3. More precisely, take rrii = 2nj and %- such 
that it has a trivial central character, and its uq component is isomorphic to 
r]i. For each i < i, let Xi be a unitary automorphic character of the adeles of 
k, such that Xi,i'o = 1 and for v ^ vq in Sq, %^i,Xi,v is not isomorphic to the 
dual of Tj,vXj,v-> for all i,j < t. (Such characters exist by Theorem 5, p. 103 
of [AT]. For example, it is enough to guarantee that 7^ 1) foi" ^ ^0 

in Sq.) Let T(x) be the representation obtained from T by twisting % by Xi- 
Repeating the last equality, we have an exponential a{s), such that 

(3.13) a{s) n 7(S, X T{xU s, ^o,u) = H 7(n. x T{x)u, s, V'o,.)- 
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We have, 

7(S,,o X r(x)z.o,s,V'o,i.o) = 7(0- X T,s,'4}) = 7(t X t,s,V'), 

which, by the structure of r, has a pole of order t at s = 1. The remaining 
factors of the left-hand side of (3.13) are holomorphic and nonzero at s = 1. 
This follows from Lemma 3.1, the multiplicativity property, and the choice of 
Xi- We conclude that the left hand side of (3.13) has a pole of order t at s = 1. 
By Lemma 3.2, all factors on the right-hand side of (3.13), corresponding to 
1/ 7^ fO) are holomorphic at s = 1 (again, due to our choice of Xi)- We conclude 
from (3.13) that 7(7r x t,s,i/j) has a pole of order t at s = 1. This completes 
the proof of the proposition. □ 



4. The local converse theorem for S0(2n-|- 1): 
The supercuspidal case 

In this section, we prove the local converse theorem for irreducible generic 
supercuspidal representations of S0(2n-|-1). The idea of the proof is to transfer 
the local converse theorem for GL2n(A;) to S02n+i(^) by combining various 
liftings. 

Theorem 4.1 (Local converse theorem for S0(2n-|-1): The supercuspidal 

case). Let a and a' he irreducible generic supercuspidal representations of 
S02n-i-i(fc)- Assume that 

7(0- X Q, s, V') = 7(0"' X Q, s, V') 

for all irreducible supercuspidal representations g ofGhi^k), I = 1,2, ■ ■ ■ , 2n—l. 
Then the representations a and a' are equivalent. 

Proof. Let a and a' be irreducible generic supercuspidal representations 

of S02n-i-i(^)5 such that 

(4.1) 'y{a X g,s,ip) =-f{(7' X Q,s,ip) 

for all irreducible supercuspidal representations g of GL;(A;) with / = 1, • • • , 
2n — 1. Let vr and tt' be the local tp - Howe lifts of a and a' respectively 
to Sp2„(A;) (Theorem 2.2). These are irreducible, jpjy ^-generic, supercuspidal 

representations of Sp2„(A;). 

By Theorem 3.3, there are irreducible generic representations r and r' of 
GL2n(fe) corresponding to a and a' , respectively, such that 

(4.2) j{a X Q,s,tlj) =-f{T X g,s,tlj) 
and 

(4.3) j{a' X Q, s, i)) = 7(r' x g, s, ^) 
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for all irreducible supercuspidal representations q of GL;(/e) with any positive 
integer I. In particular, 

7(r X £»,s,V') = i{t' X £<, s,V') 

for all irreducible supercuspidal representations q of GL;(fe) with i = 1, 2, • • • , 
2n — 1. By Theorem 1.1, 

r = r . 

By Theorem 3.3 again, 

(4.4) r ^ r' ^ r?i X • • • X r/t 

such that each r]i is an irreducible unitary self-dual supercuspidal representa- 
tion of GL2rn{k), rji ^ rjj if z ^ j, and the local exterior square L-function 

L(r]i,h?,s) has a pole at s = for i = 1,2, By Proposition 3.4, both 

gamma factors ^{tt x r, s, ip) and 7(7r' x r, s, V') have a pole of order t at s = 1. 
By the theory of the local backward lifting from Gh2n{k) to Sp2„(A:) in [GRS6], 
the image tt^ (r) of r under the backward lifting is the unique irreducible ^- 

generic supercuspidal representation of Sp2„(A;) with the property that the 
twisted local gamma factor 7('7r^(T) x T,s,ip) has a pole of order t at s = 1. 
Since tt and tt' are supercuspidal and ^-generic, we conclude that 

7r^(r) ^ TT ^ tt'. 

Finally, it follows from Theorem 2.2 that the representation a is equivalent to 
the representation a'. □ 



5. The local converse theorem: general case 

We shall use the information on poles of twisted gamma factors to deter- 
mine explicitly the structure of the supercuspidal support of irreducible generic 
representations. Then the general case of the local converse theorem follows 
from the supercuspidal case. 

Theorem 5.1. Let a and a' be irreducible generic representations of 
S02n+i(fc) with supercuspidal supports {Q; ti, r2, • • • , r^; cjo) o.'iT'd (Q'', r{, r2, • ■ ■ , 
T^;; (Tq), and exponents {zi,Z2, ■ ■ ■ ,Zr) and [z'-y^z^-, ■ ■ ■ , z'j.f), respectively {see (3.8)) 
Assume that 

7(c7 x g,s,^l)) =j{a' x Q,s,tp) 

for all irreducible supercuspidal representations g of GLi{k) with I = 1,2, ■ ■ ■ , 
2n — 1. Then, after a possible rearrangement o/ (t{ , r^, , z^/ ) , without 

affecting the decreasing order of z'l, . . . , z'^,, 

(1) r = r' and rui = m'^ for i = 0, 1, • • • , r. 
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(2) Zi = z- and n = r- /or i = 1, 2, • • • , r, 

(3) for the representations ctq and g'q of S02mo+i(^)) ihe twisted gamma 
factors are the same, i.e. 

7(o"0 X e, s, t/j) = 7(cro X g, s, tp) 

for all irreducible supercuspidal representations g of GL;(A;) with I as 
above. 



Proof. By assumption, 
(5.1) -f{a X g,s,tp) =-i{a' X g,s,tp) 

for all irreducible supercuspidal representations g of GL;(A;) with Z = 1, 2, • • • , 
2n — 1. By Proposition 3.2 and Corollary 3.2, we have zi = z[. Taking g = ti 
we know that 7(0" x ti,s,^j) and hence j{a' x Ti,s,ip) each has a pole at 
s = 1 + zi = 1 + z'l. By the proof of Proposition 3.2 applied to the local 
gamma factor j{a' x ti,s,^), we find that either (1) zi = = and r/ = r^, 
for some i, or (2) zi = z\ and t[ = ri, for some i, or (3) ri = and zi = 0. 
We shall consider these three cases as follows. 

If case (1) occurs, then z[ = zi = 0. This implies that 



zi 



= z[ 



J 

Z^i . 



In this case we change the order of the supercuspidal support {Q']t[,T2, ■ ■ ■ , 
t^/'jCTq) by making r^'^ the first representation, so that now t( = ti. It follows 
that 

7(ri x g, s, ^) = j{t[ x g, s, ip) 



and 



i{t^ X Q, s, tp) = 7(t(^ X g, s, tp) 



for all irreducible supercuspidal representations g of GL/(fc). By Theorem 3.1 
(multiplicativity of gamma factors). 



7(ax^,s,V)=a;,(-l)™+™° 
and 

j{a'xg,s,^)=u,{-iy''^^+< 



n 7(^1 X g, s, 'ip)j{T^ X g, s, ip) 



YlliTi X £», s, V')7('^r X Q,s,ijj) 
1=1 



7(0-0 X g,s,ip) 



7(0-0 X £»,s,V'). 



By cancelling the gamma factors 

7(ri X g, s, tp) = 7(t{ x g, s, tp) 

and 

i{ti X g, s, Ip) = 7(r(^ x g, s, ip) 
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from equation (5.1), we obtain a new identity for products of gamma factors, 
i.e. 

(5.2) ujg{-iy''+'^° 



'[[lin X Q,s,ijj)'y{T^ y- Q,s,^ 



U=2 



7(0-0 X £»,S,V') 



i=2 



7(0-0 X g,s,ilj). 



It is clear that the arguments to prove Proposition 3.2 and Corollary 3.2 are 
applicable to the above identity. This reduces the proof to the case where the 
number of gamma factors in both sides of the identity is smaller by two. 
If case (2) occurs, then we have zi = z'l, zi = z\ and t[ = ti. Hence, 



z'. 



If we change the order of the supcrcuspidal data (Q'; r(, • • • , T^r, ctq) by mak- 
ing Tj' the first representation, so that t{ = ti, then the same argument as in 
case (1) reduces the proof to (5.2). 

Finally, we shall show that case (3) can reduce to cases (1) and (2), or 
yield a contradiction. If case (3) occurs, then ti is self-dual, i.e. ri = and 
zi = 0. Hence, 

Zi = ■ ■ ■ = Zr = = z'l = ■ ■ ■ = z'j.,. 

By the conclusion of case (1) and case (2), we may assume that the repre- 
sentation Ti is not isomorphic to any one of the representations r/, t-^ , for 

i = 1,2, ■ ■ ■ r' . This implies that the pole at s = 1 (zi = 0) of the gamma fac- 
tor 7(0"' X Ti,s, ip) can only be achieved by the gamma factor 7(o"g x ti, s, ^). 
Hence this gamma factor j(a' x Ti,s,ip) has a simple pole at s = 1. On the 
other hand, since ri = Ti , the gamma factor 7(17 x ti, s, V') can be written as 

7(cr X Ti,s,ip) = [7(ri X Ti,s,ijj)f ■ [■■■]. 

It has at least a second order pole at s = 1. This is a contradiction. 

Therefore, by repeating the above argument, we can finally conclude that 
(1) r = r', (2) up to permutation, Zi = z\ and Tj = t[ for z = 1, 2, • • • , r, and 

7(0-0 X Q, S, ijj) = 7(0-0 X Q, S, 

for all irreducible supercuspidal representations g of GL;(A;) with I = 1, • • • , 
2n - 1. □ 

5.1. The proof of the local converse theorem (Theorem 1.2). Let a and a' 
be irreducible admissible generic representations of S02n+i(fc)- Assume that a 
and a' have supercuspidal supports (Q; ti,T2, - • • , Tr', ao) and (Q'; t{,T2, • • • , r^/; ctq), 
and exponents {zi, Z2, ■ ■ ■ , Zr) and {z'l, Z2, ■ ■ ■ , z'^.,), respectively. More precisely, 
the representation cr is a subquotient of the normalized induced representation 

a -< IndQ°^"+' (nl det (g) • • • (2> r^l det l^'' cjo) 
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and the representation a' is a subquotient of the normahzed induced represen- 
tation 

a' ~< IndQ?'"+' (r( | det ■ ■ ■ 4, \ det |<' ® a'o). 

Without loss of generahty, we may assume that the exponents {zi, Z2, ■ ■ ■ , Zr) 
and {z[,Z2,---,z'j.,) satisfy the condition: 

zi>Z2>--->Zr>0; z[> Z2> ■■■ > z!,, >0. 

We assume now that the gamma factors attached to a and a', twisted by 
any irreducible supercuspidal representation g of GL/(A;), are the same, i.e. 

7((7 X g, s, ijj) = 7(cr' X g, s, ijj) 

with / = 1, 2, • • • , 2n — 1. By Theorem 5.1, we conclude that (1) r = r' and 
mj = for i = 0, 1, • • ■ , r; (2) Zi = z[ and = r^' for z = 1, 2, ■ • ■ , r (after a 
possible reordering of the (r^', z'^), which does not affect the decreasing order of 
the exponents; and (3) as representations of S02oto+i(^)) the twisted gamma 
factors attached to ao and g'q are the same, i.e. 

7(cro X g, s, ^) = j{a'o x g, s, ip) 

for all irreducible supercuspidal representations g of GL;(A;) with / = 1, 2, • • • , 
2n — 1. Since n > mo, it follows from Theorem 4.1 that the representations ao 
and (Tq are isomorphic. Hence both irreducible admissible generic representa- 
tions a and a' have the same supercuspidal support (Q; ti, r2, • • • , r^; (Tq) and 
the same exponent {zi,Z2, ■ ■ ■ , Zr). In other words, both a and a' are irreducible 
generic constituents (up to equivalence) of the induced representation 

IndQ°"'+'(Ti| det (8) • ■ ■ T^l det l^"" ® ao). 

By the uniqueness of the generic constituent in the induced representation 

IndQ°'"+Hri| det • ■ ■ det ® ctq), 

the irreducible admissible generic representations a and a' must be equivalent. 
This proves the local converse theorem (Theorem 1.2) in general. □ 

5.2. Some direct applications. We shall briefly discuss two global appli- 
cations to the theory of automorphic representations of S02n+i(A). First we 
obtain the injectivity of the weak Langlands functorial lifting established in 
[CKP-SS]. 

Theorem 5.2. Let SO^fn+ii-^) equivalence classes of 

irreducible generic cuspidal autom,orphic representations of S02n+i(A) and 
QC^f^{A) be the set of all equivalence classes of irreducible automorphic rep- 
resentations of GL2n(A). Then the weak Langlands functorial lifting from 
S0^2n+ii^) ^^2n(-^)> established in [CKP-SS], is an injective map. 



THE LOCAL CONVERSE THEOREM 



789 



Proof. The proof is now a straightforward consequence of Proposition 3.3 
and our local converse theorem (Theorem 1.2). (Recall again that the weak 
lift of [CKP-SS] is functorial at archimedean places.) □ 

Theorem 5.3 (rigidity theorem). Let S = i^vT,^ and S' = belong 
to S02^^i(A) [as defined in Theorem 5.2). IfTiy is equivalent to for almost 
all local places v, then S is equivalent to E'. 

Proof. Let T and T' be the weak Langlands functorial liftings of E and E', 
respectively, as constructed in [CKP-SS]. This means that at all archimedean 
local places and unramified finite local places, the lifting is the local Langlands 
functorial lifting. By assumption we know that both representations T and T' 
are equivalent at almost all local places. By Theorem 3.2, both T and T' are 
irreducible generic self-dual unitary automorphic representations of GL2n(A). 
By the strong multiplicity-one property for GL(n) ([JS]), we conclude that 

as automorphic representations of GL2n(A). By Theorem 5.2, E = E'. □ 

Remark 5.1. (1) The rigidity theorem for GL„ was proved by H. Jacquet 
and J. Shalika ([JS]) for generic automorphic representations of GL„(A). By 
applying the multiplicity-one theorem for irreducible cuspidal automorphic 
representations of GL„(A) ([Shi]), we see that the rigidity theorem implies 
the strong multiplicity-one theorem for GL(n). The rigidity theorem for some 
lower rank cases has also been studied in [B2], [R], and [S4]. 

(2) In [GRS5], the local converse theorem proved in this paper for generic 
representations of S02n+i(^) is used to prove the irreducibility of the backward 
lift to S02n+i(A) of a representation of GL2n(A) of the form described in 
Theorem 3.2. This was conjectured in [GRSl]. 



6. On local Langlands conjectures 

In this chapter, we establish the local Langlands functorial lift from ir- 
reducible generic supercuspidal representations of S02n-i-i(A;) to GL2n{k) and 
the local Langlands reciprocity law for irreducible generic supercuspidal rep- 
resentations of S02n+i(fc). We shall consider the local Langlands conjectures 
for more general representations of S02n+i(^) and other relevant problems in 
a forthcoming work of ours [JngS]. 

6.1. On local Langlands functorial lifting from SO {2n + l) to GL{2n). Let 
SOf^'^i{k) be the set of all equivalence classes of irreducible generic supercus- 
pidal representations of S02n-t-i(fc) and GjC^2ni^) ('if^' denotes the image of the 
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functorial lifting) be the set of all equivalence classes of irreducible admissible 
generic representations of GL2n (k) of the form 

T = r]i X r]2 X ■ ■ ■ X r]t, 

where iji arc irreducible unitary supercuspidal self-dual representations of 
GL2nj (k) (j = 1, 2, • • • , t) (Ej=i n-i = n) such that 

(1) r}i ^ ijj if i ^ j, and 

(2) the local L-function L{r]j,A^, s) has a pole at s = for j = 1, 2, • ■ ■ , 

For any a G SOf^'^'^^{k), the weak Langlands functorial lifting from S02n-i-i to 
GL2n produces a map 

i : a ^ T = £{a) 

such that 

7((7 X g,s,ijj) = 7(r x g,s,ijj) 

for all irreducible supercuspidal representations g of GL;(A;) where I is any 
positive integer (Proposition 3.3). Then by Theorem 3.3, we know that the 
image r = £{a) belongs to GCf^{k). So there is a map 

(6.1) i : a^T = £{a) 

from SOf^liik) to gcf^{k), which preserves the twisted local gamma factors; 
i.e., 

(6.2) -yia X g,s,il;) =j{t X g,s,ijj) 

for all irreducible supercuspidal representations g of GL/(A;), where I is any 
positive integer. In fact, we can prove that the map ^ is a bijection. 

Proposition 6.1. Let £ be the map defined above with property (6.2). 
Then the map £ is a bijection from S0^2n+ii^) ''^^^ ^'^2n(^)- Moreover, such 
a map is unique. 

Proof. The injectivity of the map £ follows from the local converse theorem 
for S02n+i (Theorem 1.2). The uniqueness of such a map i follows from the 
local converse theorem for GL„ (Theorem 1.1). It remains to show that the 
map £ is surjective. 

For any t' in Qj02n{k): and t' = rj'i x ri2 x ■ ■ ■ x rj^,, we have to construct 
a representation a in S02^'^i{k) such that 

7(cr X g, s, ijj) = 7(r' X g, s, ijj) 

for all irreducible supercuspidal representations g of GL; {k) where I is any pos- 
itive integer. By the local backward lifting from GL2n(A;) to Sp2„(A;) ([GRS6]), 
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there exists a unique (up to isomorphism) irreducible ^-generic supercuspi- 

dal representation 7r^(r') of Sp2„(fe) such that the twisted local gamma factor 
7(7r^(r') X r',s,V') has a pole of order t' at s = 1. By Part (2) of Theorem 

2.2, there exists a unique nontrivial irreducible generic supcrcuspidal represen- 
tation a of S02n+i(^)) which is the local ^-Howe lift of 7r,/,(r'). By Theorem 

3.3, there exists an irreducible admissible generic representation r of GL2n(fc) 
such that 

7(r X £>,s,^) = 7(cr X g,s,ip) 

for all irreducible supercuspidal representations g of GLi{k) where I is any 
positive integer, and the representation r has the following properties: 

(1) T = r)i X ■ ■ ■ X rjt with iji ^ rjj ii i ^ j, where r)i is an irreducible unitary 
self-dual supercuspidal representation of GL2„j(A;); 

(2) the local L-function L{r)i,A^, s) has a pole at s = for z = 1, 2, • • • , t. 

In particular, 7(0" x T,s,jp) has a pole of order t at s = 1. The proof of 
Proposition 3.4, with tt = t^iI,{t') can be repeated with simple modifications 
to conclude (from the fact that ^{tt x r', s, has a pole of order t' bX s = 1) 
that 7(0" X r', s, tp) has a pole of order t' at s = 1. All we need to do is to take 
= r', and then in the paragraph after (3.13), conclude first, using Lemma 
3.2 that the right-hand side of (3.13) has a pole of order t' at s = 1, and hence 
conclude that the left-hand side of (3.13) has a pole of order t' at s = 1. Now, 
by Lemma 3.1, we see that 7(0- x r', s, if)) has a pole of order t' at s = 1. Since 

7(cr X r', s, V^) = 7(r x r', s, ^) 

we conclude, looking at the form of r and r' (both are in QC}2n{^))i that r = r'. 
Therefore the representation a just constructed has the property that 

l{a) = T 

and we have proved the map i is surjective. □ 
Proposition 6.2. The map 

£ : a^T = £{a) 

from S0^2n+ii^) ^^2n(^) preserves the twisted local e-f actors and local 
L-f actors; i.e., 

e{a X g, s, ijj) = e(r x g, s, ip) 

and 

L{a X g,s) = L{t x g, s) 

for all irreducible supercuspidal representations g of GL;(A;) where I is any 
positive integer. 
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Proof. Let r = i{(T). Then we know that 

T = r]i X r]2 X ■ ■ ■ X r]t, 

where rji are irreducible unitary self-dual supercuspidal representations of 
GUn, (k) (j = 1, 2, • • • , t) (E*=i rii = n) such that 

(1) m ^ Vj if i h and 

(2) the local L-function L{r]j,h?, s) has a pole at s = for j = 1, 2, • • • , 
More importantly, we have 

7((7 X Q,S,ll)) = 7(t X Q,S,ll)) 

for all irreducible supercuspidal representations q of GL;(/c) where / is any 
positive integer (Theorem 3.3 and Proposition 6.1). It follows from [Shi], 
[Sh2] and [JP-SS] that 

L{a X 0^,1- s) 



(6.3) 7(cr X ^,s,V') = e(c7 X £»,s,V') 

±j\y ^ iJ, sj 

and 

L(r X ,1 — s) 

(6.4) J[T X Q,s,ip) = e{T X g,s,^) — — r — . 

L{t X g, s) 

By assumption, we have 

L{a X g^,l -s) L(tx^^,1-s) 

(6.5) e{aXQ,s,tp) — — — = e{TXg,s,ip} 



L{axQ,s) ' ' L{txq,s) 

If the supercuspidal representation g is not equivalent to any one of the rji^s, 
up to unramified unitary twisting, then 

L(r X 1 — s) = 1 = L(r x g, s). 

Hence, by equation (6.5), we have, 

L{axg'^,l-s) ^ 

— — — — = e{T X g,s,tp) ■ e{a X g,s,tp) , 

L{a X g, s) 

which is an exponential function in s. 

We first assume that g is unitary. Since both a and g are supercuspidal, by 
Proposition 7.2 in [Sh2], the possible poles of L{a x 1 — s) lie in Re(s) > 1, 
but the possible poles of L{a x g, s) lie in Re(s) < 0. Hence, 

L{a X g^ ,1 — s) = 1 = L{a x g, s). 

Therefore, 

L{a X g,s) = L{t x g, s) 

and 

e(cr X g, s, tp) = e(T X g, s, 
It is clear that the same argument works when g is not necessarily unitary. 
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If the supercuspidal representation q is isomorphic to one of the ry^'s, up 
to unramified unitary twisting, say 

where y is purely imaginary, then wc know again that there are no cancellations 
between the poles of L{a x 1 — s) and the poles of L{a x ^, s), and the same 
thing happens with L{t x — s) and L{t x q,s). Hence, from equation 
(6.5), the set of the poles of L{a x q, s) is equal to the set of poles of L(t x q, s). 
Thus, the polynomials L{a x Q,s)~^ and L(r x Q,s)~^ are equal. Therefore 

L((7 X ^, s) = L(t X Q, s). 

It follows that the e-factors are also equal, i.e. 

e{a X Q, s, -ip) = e(T x q, s, □ 

The following theorem on local Langlands functoriality follows from Propo- 
sitions 6.1 and 6.2. 

Theorem 6.1 (local Langlands functoriality). There exists a unique 
bijective map 

i : a^T = £{a) 

from S0^2n+i(^) ^-^2n(^)) which preserves the twisted local L- factors, 
e-factors and gamma factors, i.e. 

L{a X g,s) = L{t x g, s), 

e{a X Q,s,ip) = e(T x Q,s,ip) 

and 

7((T X £>,s,^) = 7(t X g,s,ijj) 

for all irreducible supercuspidal representations g of GL;(fc) where I is any 
positive integer. 

6.2. On the local Langlands reciprocity law for S0(2n + 1). We shall 
establish the local Langlands reciprocity law for <S02^^i(^) by using the local 
Langlands reciprocity law for GL(n) established by M. Harris and R. Taylor 
[HT] and by G. Henniart [Hn3]. 

Let VFfc be the Weil group associated to the the local field k. We take 

Wk X SL2(C) 

as the Wcil-Deligne group ([M] and [Kn]). Let Qn^{k) be the set of conjugacy 
classes of admissible homomorphisms p from x SL2(C) to GL„(C). If we 
write 

P = ®iPl ® A°, 
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then the admissibihty of p means that p^'s are continuous complex representa- 
tions of Wk with semi-simple and A^'s are algebraic complex represen- 
tations of SL2(C). Let QD^{k) be the set of equivalence classes of irreducible 
smooth representations of GL„(/c). Then the local Langlands conjecture (or 
local Langlands reciprocity law), now a theorem of Harris- Taylor [HT] and 
Henniart [Hn3], is the following. 

Theorem 6.2 (Harris- Taylor [HT] and Henniart [Hn3]). There exists a 
{unique) bijection 

tn : p^T = r„(p) 
from Q^{k) onto GV^{k) satisfying the following conditions. 

(1) For any p G Q^{k), det(p) corresponds to '^tn(p)' central character; 

(2) For any p E Q^{k) and any quasi- character x of k^, one has t„(x(8)p) = 
(xodet) ®r„(p); 

(3) For any p G G^^{k), one has r„(p)^ = r„(p^); 

(4) For any p G G^{k) and p' G Q^{k), one has 

(4L) L{p (g) p', s) = L{xn{p) X r„/(p'), «), 
(^e) e{p® p' ,s,%l)) = e(r„(p) x r„/(p'), 

(^7) 7(p(g)p',S,V') =l{tn{p) Xtn'{p'),S,'lp); 

(5) If p = {p^,S), then (p°, 1) with p^ irreducible corresponds to r„(p), which 
is irreducible and supercuspidal. 

Remark 6.1. (1) The uniqueness of the reciprocity map in Theorem 6.2 
follows from Henniart's local converse theorem (Theorem 1.1) and an induction 
argument on n. 

(2) Theorem 6.2 has been proved for supercuspidal representations by 
Harris and Taylor ( [HT] ) and by Henniart ( [Hn3] ) . The reduction of the general 
case to the supercuspidal case was given by A. Zelevinsky ([Z]). Various special 
cases of Theorem 6.2 were proved before by several authors. We refer to [H] 
and [K2] for detailed comments. 

In order to establish the local Langlands reciprocity conjecture for 
S0^2n+i{^)j set of equivalence classes of irreducible generic supercuspi- 
dal representations of S02n+i{k), it is sufficient to figure out the subset of 
the local Langlands parameters for GjC-^2nik) W using the explicit local Lang- 
lands functorial lift from S02n+i{k) to GL2n{k) (Theorem 6.1) and the local 
Langlands reciprocity law for GL(n) (Theorem 6.2). 
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Recall that the set QjC^2ni^) consists of equivalence classes of representa- 
tions of GL2n(A;) of the form: 

T = iji X r]2 X ■ ■ ■ X r]t, 

where rji are irreducible unitary supercuspidal self-dual representations of 
GL2„^. (k) (j = 1, 2, • • • , t) (E5=i ni = n) such that 

(1) Vi ^ Vj if i / j, and 

(2) the local L-function L{rij,A^, s) has a pole at s = for j = 1, 2, • • • , t. 

Each irreducible unitary supercuspidal self-dual representation r]j of GL2nj (k) 
has the local Langlands parameter p^, which is an irreducible, 2nj-dimensional, 
admissible, complex representation of W^, by Theorem 6.2. Further, we have 
^ /9j if i 7^ j. Hence the representation 

T = iji X rj2 X ■ ■ ■ X rit 

has the local Langlands parameter 

which is a 2n-dimensional, admissible, completely reducible, multiplicity-free, 

complex representation of W^- 

Recently, G. Hcnniart communicated to us ([Hnl]) that he can prove the 
following results among others satisfied by the local Langlands reciprocity map. 

Theorem 6.3 (Henniart [Hnl]). The local Langlands reciprocity m,a,p 
has the following property: the gamma factor 7(p, A^, s, ip) has the same poles 
as the local gamma factor 7(rn(p), A^, s, V') for any irreducible p (i.e. for any 
tn{p) supercuspidal). 

By using Theorem 6.3, we can prove the following proposition. 

Proposition 6.3. (1) Let be an irreducible, 2m- dimensional, admissi- 
ble, complex representation of Wk and r be an irreducible unitary supercuspidal 
representation o/GL2m(^) with the properties that (i) r has the local Langlands 
parameter and (ii) the local exterior square L-function L{t, h?, s) has a pole 
at s = 0. Then p^ is symplectic, i.e. 

p\Wk) C Sp2^(C). 

(2) Let p° = Pi0P2 be a 2m- dimensional, admissible, completely reducible, 
complex representation of with the property that 

Homw.,(pO0pO,l) = 0. 

Then p° is symplectic if and only if pi and P2 are both symplectic. 



796 



DIHUA JIANG AND DAVID SOUDRY 



Proof. The proof of Part (1) follows from Theorem 6.3. More precisely it 
goes as follows. Since 



L(rV,A2,s) ' 

and by the assumption, the local L-function L(r, A^, s) has a pole at s = 0, we 
obtain that the gamma factor 7(r^, A^, s, ■0) has a pole at s = 1. By Theorem 
6.3, the gamma factor 7((/9°)^, A^, s, V^) has a pole at s = 1. Because we also 
have 



L{{pO)\A^s)' 



we get that the L-function L(p°,A^,s) has a pole at s = 0. Now it is an 
elementary fact that if L{p^, A^, s) has a pole at s = 0, then the image p^{Wk) is 
included in Sp2„j(C), i.e. the parameter p^ is symplectic. This proves Part (1). 

Part (2) is basically proved by linear algebra. It is clear that if both p^ and 
P2 are symplectic, then p^ is itself symplectic. Conversely, we use a basic fact 
from linear algebra that /9° is symplectic if and only if A^(p°) has VFj^-invariant 
functionals ([GW, §5.1.7]). Since 

A2(/) = A2(p?)eA2(pO)0[p?^pO], 

the VFfc-invariant functionals will not vanish on at least one of Al^{pi), A^{p2), 
since we assume that 

Homw^,(pO®pO,l) = 0. 

Without loss of generality, we assume that A'^{p^) supports a 14^fe-invariant 
functional. Hence p^ is symplectic. Because /9° is nondegenerate and P2 is the 
complement of pj, we conclude that P2 is also symplectic. □ 

Let ^2n(^) be the set of conjugacy classes of all 2n-dimensional, admissible, 
completely reducible, multiplicity-free, symplectic complex representations p^ 
of Wk- Then we have the following theorem. 

Theorem 6.4 (local Langlands reciprocity law). There exists a unique 
bijection 

from the set ^2n(^) ^'^^^ ^^^2n+ii^) such that 

(L) L{p^2n ® Pi, S, ) = L(m2n{p2n) X t^p?), s), 

(e) e(P2n ® P°'S,V') = e{m2n{p2n) X ti{p^) , s , ip) , and 

(7) 7(P2n ^ P'l, S,tp) = 7(9^2n(p2n) X t^p?), S,tp) 

for all irreducible continuous representations ofWk of dimension I. 
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Proof. The theorem is a direct consequence of Theorem 6.1 and Proposi- 
tion 6.3. □ 

Remark 6.2. The complete local Langlands reciprocity conjecture in this 
case states that the reciprocity map ^R2n takes a local Langlands parameter 
p° in ^2n(^) ^ finite set n(p°) (local L-packet) of irreducible admissible 
representations of S02n+i(^)- By our local converse theorem (Theorem 1.2), 
we know that in each local L-packet 11 (p"), there is at most one generic member 
(i.e. with Whittaker model). It is a very interesting and difficult problem to 
give an explicit construction of the local L-packets. 



7. Appendix: On gamma factors for Sp2„ xGL^ 

7.1. Review of the global theory In [GRS3], L-functions for generic, au- 
tomorphic, cuspidal representations on Sp2„ xGL^, are represented via global 
integrals of Shimura type. We review this construction briefly. It yields local 
gamma factors at each place. 

Let F be a number field. Denote by A its adele ring. Fix a nontrivial 
character tpo of F\A. Let 11 (resp. p) be an irreducible, automorphic, cuspidal 

representation of Sp2„(A) (resp. GL;(A)). Assume that 11 is globally {ipo)-rj 

generic. In the sequel, the cuspidality of p is not important. What we need 
is that p is automorphic, realized in an irreducible subspace of automorphic 
forms on GL;(A), and that p is globally generic (i.e. the Whittaker coefficient 
is nontrivial on the space of p). Although this is not pointed out in [GRS3], 
the proofs there do not use at all the cuspidality of p. Thus, we may take 
p to be an Eisenstein series induced from irreducible, automorphic, cuspidal 
representations at a point of holomorphy. 

Let ^p^s be a holomorphic section for Jp^g - the representation of Sp2;(A), 
induced from ps = pi det •|''~^/^ on the Siegel parabolic subgroup Qi{A), and 
denote by E{^p^s,-) the corresponding Eisenstein series on Sp2;(A). We dis- 
tinguish two cases according to whether n > I or n < I. In the first 
Fourier-Jacobi coefficient of a cusp form in 11 is paired against the Eisenstein 
scries above, and in the second case, a cusp form in 11 is paired against a 
Fouricr-Jacobi coefficient of the Eisenstein series. As we need in this paper 
only the case n < I (as a matter of fact, we need just the case I = 2n,) we 
assume from now on that n < I. 

Let w^-i be the Weil representation of Sp2„(A), corresponding to ■0^^. 

Realize it in »S(A"), and denote, for G (S(A"), by 6'^ i the corresponding 

Wo 

theta series. Extend w<^-i and 9'^ i to Hn(A) - the Heisenberg group in 
2n + l variables. Let Ni^n+i be the unipotent radical of the standard parabolic 
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subgroup Qi^n+1 of Sp2;, whose Levi part is isomorphic to GL^^""""^ x Sp2(„_|_i). 
Let (V'o)iVi„+i be the restriction to Ni^n+i{^) of the standard nondegenerate 
character defined by tpQ. Note that Ttn embeds naturally in Ni^n so that iV/^„ = 
Ni^n+i ^ "Hn- Extend (V'ojiV; „+i to A^;^„(A), so that it is trivial on 7Y„(A). 
Denote this extension by Xtpo-i „• Denote by j the projection of Ni^n to TCn- Let 
j denote also the embedding of Sp2„ into the Levi part of Qi^n- Note that j 
embeds Sp2„ xiH„ into the Levi part of Qi^n+i- 

Let / be an automorphic function on Sp2;(A). A Fourier- Jacobi coefficient 
of / of type {ipQ,n), is a function on Sp2„(A) of the form 

Here g € Sp2„(A) projects to 5 G Sp2„(A), and (p € 5(A"'). Let </? be a cusp 
form in (the space of) H. Define 

•'Sp2n(-F)\Sp2„(A) 

(In case n> I, one takes ip'^^ ^ and pairs it with E{^r,s, ■) along Sp2/(F)\Sp2;(A), 
and in case n = l, one integrates (p{g)9'^ i {g)E{^p^s,g) along Sp2„(-F)\Sp2„(A).) 
We have an Euler product decomposition, for decomposable data and 
Re(s) > 

V 

where W = JJ^ Wip^y is the Whittaker function of if with respect to ■00, and at 
each place u, 

(7.1) B(W^,,,</.,,ep,J 

W^^y{g)w^-i{j{u)g)<p^{eQ)fi. {-fi,nuj{g))x^-i {u)dudg. 

Here Un is the standard maximal unipotent subgroup of Sp2„, Ji^n is a certain 
Weyl element, N/^'^" = \nQni,n r) Niy, and cq = (0,...,0,1). We obtain 
/^p^ = n/^p^^ from ^p^s after taking a certain Whittaker coefficient in the 
"p-variable" . Thus, we consider sections f^^^ ^ for Jp^ ^ , which take values in 
a certain Whittaker model p,^. 

For decomposable data ip,(j),^p,s, let 5 be a finite set of places, including 
those at infinity, those above 2, and such that outside S all data are unramified, 
and ipo is normalized. Then (normalizing Wip^,y{I) = 1 outside S), we have 

(7.2) = ng('^.-^^.w.) ^.(j:^^;;i.^,^) . 
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This implies that -^^^(n x p,s) is meromorphic. Indeed C{ip,(j),^p^s) is clearly 
meromorphic, and L^{p,s + {p, A"^ ,2s) are known to be meromorphic. 

For finite v in S, we can choose data, such that B{W^^,^, 4>u^^p^,s) = 1, for all s 
(see [GRS3, Prop. 6.6]) and given sq e C and u e S which is archimedean, 

we can find a combination J2iLi B ^wj>^\ ^p}^^^ which is holomorphic and 

nonzero at sq (see [GRS3, Prop. 6.7]). From this we conclude, choosing data in 
the same way, at all places of S, but one place uq, that B{Wip^i^g,(puojCpi, ,s) is 
meromorphic. (This can be shown in general, without the assumption that the 
data are coming from global cusp forms. See [GRS2, §1.1] for the case v < oo, 
where it follows that B{Wi,,(f)i,,^p^ J is rational in q~^. The case where u is 
infinite can be done exactly as in [S2].) 

Applying in (7.1) the intertwining operator M, with respect to ^ 



on Jp^s, we get 

(7.3) £(^,</.,M(ep,.)) 



= Um.., <f>., M.(u, J) ^^^^^ ^ ^ ^^^^^^ 



LUUxp,l-s) 



LS{p,l-s)LS{p,A2,2-2sy 

Using the functional equation satisfied by E{^p^s,-), we can equate (7.2) and 
(7.3) to get 

Lf.m X p, s)L^{p, I - s)L^{p, A2, 2 - 2.s) 

X p, 1 - s)L^{p,s- i)L^(p, A2,2s - 1) jg-^ 



= 1[b(w^,.,cI>,,M,{^p^j). 



Fixing data at all places in S except one place i^q, we conclude from (7.4) that 
there is a meromorphic function r(ni/g x pi/g, s, V'OjI/q)) which is rational in q~^^, 
in case uq is finite, such that 

,1/0 , (pi/Q ' 

for ah W^^i,g,(p^Q,^p^^ We define the local gamma factor 'yiU^Q xpuo,s, ipo,uo) 
by 

,1^0 J 



T{n^g X p^g,s,iJo, 



7(Pi^o' s - 2' V'o,i/o)7(Pi^o' 2s - 1, ^o,!.o) 
Thus 

(7.5) 7(n^o X /9^o,s,V'o,i/o)'S(W"v' 
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where ^(VF'^.vo, ^i^o 'fp.o.-) = ^i^v,yoAuo,M;^{^p^^^^), and 

Note that at a finite place vq where V'o.i-o normahzed; and Ui^q and p^g are 
unramified, we have 

7(n^o X P^o^s^V'o.vo) = /n V ^ — 

For such fo,^Vo,i^o (^1.0 x Puo^s) is notliing but L((9^Q_,,Q(n,,J x p^^.s), where 
,^y(niyy) is thc unramificd representation of S02n+i(-^i/o) corresponding to 
IIj/p by the local -(/^o.j/o^Howe lift. 

7.2. ^ result on gamma factors at archimedean places. Let z/q be an 
archimedean place of F. Put H^q = vr, pi/^ = r, F^/g = fc, W^^i.^ = W, ip^Q = (p, 
■00,1/0 = V'- In this subsection, we denote and Vr to be the canonical mod- 
els of the Harish-Chandra modules of tt and r, respectively. The canonical 
extension of a Harish-Chandra module has the C^-topology as given in [C]. 
From [C], such canonical extensions are unique, up to equivalence. Our goal 
in this subsection is to show that there is ^4 > 0, such that for |Im(s)| > A, 
7(7r X T,s,il^) is holomorphic and nonzero. The global integral J0.{ip,<p,^p^s) 
defined in subsection 7.1 is separately continuous in the C°°-topology at the 
place z/Q. Hence it remains continuous after the extension to the canonical 
models. Therefore, we may regard (the analytic continuation of) B(W,(p,S,r,s) 
as a continuous linear form T on T^- (g) S{k'^) (8) Vj^ ,,. Here the notions of 
separate continuity and of continuity coincide, and the two notions of tensor 
products (inductive (8), projective (8)) coincide. The proof of this is as follows. 

First we note that V^- and Vj^^ are nuclear Frechet spaces. Indeed, both 
representations are quotients of (differentiably) induced representations coming 
off Borel subgroups and quasi-character s, and since the spaces of such induced 
representations are images of surjective maps from spaces of the form C°°{K), 
where K is compact, our spaces and K/r s quotients of such spaces. Since 
C°°{K) is Frechet and nuclear, so are K and Vj^ „. (See [Tr, pp. 85, 94, 514, 
530].) In particular, the two notions of tensor product for V^- (g) Vj^ ^ coincide; 
i.e., 140^7^ ^ = Vjr'S'Vj^^^, which (by [Tr, p. 514]) is nuclear. We conclude that 
the two notions of tensor product for (1^ (8) Vj^^) (8) S(k"') coincide. Actually, 
<S(A:") is nuclear as well [Tr, p. 530]. 

We add some more related remarks. Note that the same proofs work for 
(S>Vr and (K- "8) Vr) ® S{k"-) as well (i.e. (8) can be replaced by either ® or 
(8>). Note also that (8) is a Frechet space as well, since it is a quotient 
of C°°(Ki) C^{K2) = C^{Ki X K2), where Ki,i^2 are compact, such that 
is a quotient of C°°{Ki) and Vr is a quotient of C'^{K2). We conclude 
that Vtt ®Vr S{k'^) is a quotient of a Frechet space, and hence is itself a 
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Frechet space. Indeed, V^^^Vr^ S{k'') is a quotient of C°°(i^i x K2) ® <S(fc") 
which is isomorphic to S{k'^]C°°{Ki x K2)) [Tr, p. 533], and the last space 
is isomorphic to S{k"' x Ki x K2), which is a Frechet space [Tr, p. 92]. Note 
also that V-j^^Vr® S{k'^) is nuclear as a tensor product of two nuclear spaces 
K- ^ Vt and Sijt^). As a corollary, we obtain (see [Wr, p. 485]): 

Proposition 7.1. Let M he a C°°-manifold, countable at infinity. Then 

(7.6) C~(M) (8) {V^ ® K (8) Sik"")) ^ C^{M; K K ® <S(A;")). 

Again, in Proposition 7.1, each (g) can be replaced by either (gi or 
The linear form T (on (g) S{k"') (g) Vj^^J is equivariant with respect to 
the subgroup R = j{Sp2n{k))Ni^n{k)- 

(7.7) T{{Tr{g) (g w^-i{j{u)g) Jr,s{uj{g)))v) = Xij-i,n{^)T{v) 

where g is (any) inverse image in Sp2„(A:) of (7 in Sp2n{k), and n E Ni^nik)- This 
follows easily from (7.1) (or even from the structure of the global integrals). 
We have a surjection 

T^{^){h) = f 5Ql'\p)Ts{p-^mph))drP , 
JQlik) 

where drP is a right invariant measure on Qi{k). Composing T with t} yields 
a (continuous) linear form t on 

C'^{Sv2m;Vr)®S{k'-)®V, ^ {C^{^P2i{k))®Vr®S{k^)®V, 

^ C~(Sp2,(fc);K(8)<S(fc")(8)K) 

(We used Proposition 7.1.) By (7.7) and 

tI{\{p)^) = 6l^^ip)TUrs{p-' o ^)) , pe Qi{k) 

(A(p) denotes the left translation by p~^), we conclude that t, when regarded 
as a (8) «S(A;"^) T/^-distribution on Sp2;(A;), satisfies 

(7.8) t{r{uj{g))f) = x^-,iA'^)m®w^-Ar^3{u~^))®<r^))°f). 

t{mf) = sij^{p)t{{Ts{p-')®i^i)of) . 

Here u G iV; „(fc), g G Sp2„(fc), p G Qi{k) and r denotes right translations. We 
are now at the situation of [Wr, 5.2.4]. (Note that in the notation [Wr, 5.2.4], 
M = Sp2i{k) and G = Qi{k) x R acts on M by (p, r) • h = phr^^. Sec also 
[Wr, p. 408].) We have a nice description of the set Qi{k)\Sp2iik) / R- This 
is a finite set, and it has one open orbit Qi{k)ji^nR- See [GRS3, Sec. 4]. The 
reference for the following is [Wr, 5.2.3,5.2.4]. 
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Let us show that the map 
b-.t^t 

C^{Qi(k)ii,-aR;VT'»S{k")®V^) 

is injective on the space of Vt ^ (g) K-distributions on Sp2;(fe), which 

satisfy (7.8). Indeed, if b{t) = 0, then by Bruhat theory (see the proof of 
[Wr, Lemma 5.2.4.4]), t is supported in the complement of the open orbit 
Ql{k)'yi,nR- The dimension of the space of such distributions is majorized by 



ll,ni^ieQi{k)\Sp2i{k)/R m=l 



BilQ,(fc)n7R7-i 



where A-j,.„i arc certain algebraic finitc-dimcnsional representations, coming 
from derivatives. Bil// denotes i/-equivariant bilinear forms. Let Vi denote 
the unipotent radical of Qi. An element of 



BilQi(fc)n7i?7-i ( ^Q^^^^ ® ix^in ® ^ ® ^' 



7,m 



when regarded as a V;(A;) fl ^Ni^n{k)^ -equivariant form embeds 



Center(W„(fe)) 



on = V;(A;) fl jNi^n+i{k) ■ Center(H„(A;))7 ""^ into the dual of A-y^^. Since 
is an algebraic finite-dimensional representation, it cannot have nontrivial 
eigenvalues on the unipotent subgroup E. Thus, we must have 

X^;l,n •V' ) = 1- 

Ccntcr{-H„{A:))/ 

By [GRS3, p. 212], this is impossible, unless Qi{F)'-fR is the open orbit. This 
is a contradiction, and so the map b is injective. 

Returning to T{W (g) ^ ^t,s) = S{W, (f), ^t,s), let sq be a pole of order e 

of B{W, (j), ^r,s) in the sense that (s — soYB{W, (f>, (,r,s) is holomorphic and not 
identically zero at sq. Let t be the linear form on C^{Sp2i{k); Vr)'S>S{k'^) (g) T4- 
defined by 

(7.9) t{ip^^^W)= lim (s - so)^13{W, (p, (if)) . 

When viewed as a F^- ® S{k^) <S> K- distribution on Sp2;(-F), t clearly satisfies 
(7.8). Then what we have just shown is that for ip supported in the open orbit 
Qi{k)^i,nR, t{(p (g ^ (8) W) is not identically zero. This means that all poles of 
B{W, (j), ^r,s) are detected (with their orders) on the open orbit. Thus, in order 
to locate the poles, it is enough to take ^,-5 with compact support modulo 
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Ql{k) (independent of s) inside (5;(/e)7i,n-R- We may take ^^,8 = Tsi^)^ with 
if supported in Qi{k)^i^nR. For such ^^-^s, the unipotent inner integration in 
(7.1) converges absolutely. Rewrite (7.1), for Re(s) S> 0, following the Iwasawa 
decomposition Sp2„(A;) = Un{k)AK 

(7.10) 

B{W,^,ir,s) = [ If 5-\a)W{ah)w^-i{aj{u)h)4>{eQ) 
Jh&K JVo J A 

<T,s{li,nUj{h)\(^°' j)|deta|'*+*'>"xv>;i,n(^i)c?ad?xd/i. 

Here Vb is a compact subset of N^^^ (k)\Ni^nik) (the projection onto 
-^7n" {k)\^l,n{k) of the compact support modulo Qi{k) of ^r,s inside Qi{k)^i^nR), 

a denotes an inverse image in Sp2„(/c) of ^ ^ ^ , for a diagonal matrix a in 

GL„(fc), and is a certain fixed translation of s. Denote the inner da integra- 
tion, for fixed {h, u), in (7.10) by B{Tr{h)W, w^-i {j{u)h)(f>, Jr,s{uj{h))CT,s)- For 
a fixed {h, u)eKx Vo, W'^ = Trih)W, cjy' = w^-, {jiu)h)(f>, e,. = JrA^jih))^r,s 
and W^{m) = ('^g{I;m), the above inner integration equals 

(7.11) Jj-\a)W:;,{a)w^-iia)(P{eo)W^(^^ j | det a|^+^''"da . 

The analytic continuation of (7.11) is obtained when we replace W^(a), 

W' { ^ r 1 with their asymptotic expansions, obtained exactly as in [SI, 
V J 

§3.3]. (See also [S2, §4] which applies here in exactly the same way.) We 
conclude that (7.11) is a sum of elements of the form 

(7.12) J f{ai, . . . ,an)ri{ai,. . . ,a„)5"^(a)| det a]"^'''-'-' da 

where a = diag(ai, . . . , a„), / € S{k^) (/ is independent of ,s) and f] is a finite 
function varying in a finite set which depends on n and r only (s^ ^ is another 
fixed translation of s). Thus, there is a finite set of characters X^^^t of k*, 

and there is a polynomial P-!^^t-{s), which depend on tt and r only, such that 

B(W' 4>' £' ) 

— — rn-r^ — ' — r is holomorphic in the whole plane. We have 

W(/',er,«) ^ f B{7r{h)W,W,^-i{j{u)h)<P,JrAuj{h))^r,s) ^^^^ 

^7r,T(s)n,,eX,,, JKy Vo -P7r,r(s)n/.GX.,, 

The right-hand side of (7.13) is holomorphic since x Vq is compact, the 
integrand is continuous in (u, h) and the convergence of the integral is uniform 
in s, as s varies in compact sets. Looking at the left-hand side of (7.13), we 
conclude: 
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Proposition 7.2. There is ^ > 0, such that B{W, 4>, ^r,s) is holomorphic 
for |Im(s)| > A, for all data. 

Remark 7.1. Since B{W, cj), M* {^t^s)) has a similar structure, we may take 
A in the last proposition so that B{W,^,^r,s) is holomorphic for |Im(s)| > A, 
for all data, as well. Finally, we conclude: 

Proposition 7.3. There isA>Q, such that for |Im(s)| > A, 7(7rxr, s,V') 
is holomorphic with no zeroes. 

Proof. We have 

7(7r X T,S,^)B{W,<t>,^r,s) = B{W,(t>,ir,s)- 

Let A be as in Proposition 7.2 and in the remark which follows. Given any 
So e C, there is a combination Z^^i ^(Wj, ^j, ^r^s) which is holomorphic and 
nonzero at sq. (See [GRS3, Prop. 6.7]. Thus, if sq is a pole of ^{tt x t,s,iI)), 
then So is a pole of This forces |Im(so)| < A. Similarly, since 

7(7r X r, s, ^)-^B{W, <t>, ir,s) = B{W, <t>, C,,,), 

if So is a zero of 7(77 x r, 8,1/"), wc may assume that M* is an isomorphism 
between Jt,so and Ji^i_g^ (take |Im(so)| large enough), and then as before, we 
conclude, that so is a pole of BiW.,(t),^r,s)-, which is impossible, if we assume 
that |Im(so)| > A. □ 
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